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PREFACE. 


This text book on Practical Plane and Solid Geometry is 
especially intended for the use of students in Schools of Art 
who are preparing for the Second Grade Drawing Examina¬ 
tion held by the Science and Art Department; therefore it 
contains the whole of the First and Second Grade Courses 
as taken in Elementary Schools, as well as various additions 
suitable for pupils of more mature years. 

Since the issue of my old Second Grade Geometry, which 
has been so generally used in the Schools of Art and Gram¬ 
mar Schools of the country, many modifications have been 
made in the scope of work required from the candidates. 
Much more attention has now to be given to proportional 
and equivalentpgures—to tlie me of scales—to tangents to two 
circles—to foiled figures^ and other problems which are so 
extensively applied in the construction of mechanical patterns 
and geometrical tracery in architecture—Whence the chapters 
bearing on these especial branches of study have been much 
enlarged, whilst a suitable course of easy lessons on Pro¬ 
jection has been added to suit the requirements of the 
Department in Solid Geometry. 

Although I have anxiously endeavoured not to encumber 
the work by mmecessary expansion, still I have carefully 
given every problem in Plane and Solid Geometry which 
contains a principle of construction the Second Grade pupil 
is expected to know and apply. 

GEORGE GILL 

New BarcHTOK, CHESHtSE, 

Seftember ut, 1874. 
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Siljofll of ^rat&al ^tometrg. 


SECTION I. ■' 

DEFINITIONS.--. -- 


A Point is used for marking position only ; it has no size. 


Although for the saVc of conTcnlcnco we mnlte a black dot a? A 
to indicate a polut. still the truo point is not tho whole 
of the dot, which has size, but merely tho centre of the doL 


W 


LINES. 

A Line has length only, and no breadth or thickness. Lines are 
sither £tr.aight or coircd. 

The emit of lines are points, as A and B. a<_B 


A Straight Line is the shortest distance between two points. 
Curved Lines ore no where straight. 

A Mtraiijht fin« Is sometimes ctuled a right lint. 

There are three hinds of straight lines—Horizontal, Per- 
pendionlar, and Ohli^ne. 

Horizontal. Fetpendlealar. Oblique. 


Parallel liines are the some distance from each other through* 
St their entire length. 

A-• 

straight lines, which oro Farallcl, ncrer meet 

if dratrn over so far any way. ABU o----D 

parallel to C O. 
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SCHOOL OF ART GEOMETRY. 


Surfaces have length and Ifreadth only bnt no thickness. 
Soilaces aie boandcd by lines. 


The ep&eea eoelosed bj the Udgs In the adjoioIoB 
llgtirea arc caUcd surfaces. A surface la some- 
times colled a tvperfida. Any surface perfectly 
flat eTCiyrrherc Is called a plant tur/au. 


w 



ANGLES. 

An Angle is the opening between two straight lines which meet 
at a point. 

The two Uses, B A and B C, mahe the angle 
called ABC. They meet at the point B 
and therefore the angle fa SOacUuea 

nnTn<«H onglc B. 

There are three hinds of angles—the right angle, the ohtusa 
angle, and the acute angle. 



Klght Angles.—IVben one straight line falls on another 
straight line, and makes the angles on each side of it equal to each 
other, each of the angles is a right angUt and the line making these 
angles is called & perpendicular^ 

\ ^ 

In this illustration, the line F C Colls on the ^ X 

Use A B, and makes the angle A C F 
equal to the angle B C F, therefore each 
of the ooglcj, A C F and B C F, Is a right 
angle, and the straight line F C Is per¬ 
pendicular to A B. A * — ■— B 


Obtuse Angle.—^An ahtuse angle is greater than a right angle, 
angle B C £ is an obtuse angle. 

Acute Angle.—An acute angle is less than 
a right angle. The angle A 0 £ is an acute 
angle. 


■\ 





DEFDaTIONS. 


0 


TRIANGLES. 

A Triangle is a figure enclosed bj three straight lines. Triangle 
have three side* and three angles. 

There are three kinds of triangles named after their sides, Tiz.:— 
Equilateral, Isosoeles, aud Scalene. 


FJg. 1, FIc 2. • FEg. 3. 

A A A 



As Eqollatoral Triangle has its three sides c<in&], as Fig. 1. 
An Isosceles Triangle has two sides equal, os Fig. 3. 

A Scalene Triangle has none of Its sides equal as Fig. 8. 


There are three kinds of triangles named after their angles, 
m.:^a Right-angled Triangle, an Obtuse-angled Triangle, 
and an Acute-angled Triancli. 

Fig. 1. Fig. 2. Fig. 8. 

K 


A Right-angled Triangle has one right angle, os tlio angle B in the 
triangle ADC, Fig 1. 

An Obtuse-angled Triangle has one of its angles an ohtnse angle, os 
the angle U in the triangle ABC, Fig. 2. 

An Acute-angled Triangle has all Its angles acute, as the angles Is the 
triangle D K £, Fig. 3. 

PARTS OP A TRIANGLE. 

The base of a triangle is its lowest side, 
as A 0 in the triangle ABC. 

The Vertex of a triangle is the angle opposite 
the base, os B in the triangle ABC* 




:k ‘k 
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SCHOOL OF ART GEOMETRY. 


The Perpendicular Height of a triangle is measured by a 
perpeodicular line let fall from the vertex upon the base, as the 
line B F in the triangle ABO. (See the last illustration.) 


QUADRILATERAL OR FOUR-SIDED 
FIGURES. 

A figure with four sides is culled a Quadrilateral Figure or a 
Quadrangle. 

A Parallelogram is a quadrilateral figure, huviug its opposite 
sides equal and parallel. 

Parallelograms are of four kinds—the Square, Kectangle or 
Oblong, Rbombos, and Rhomboid. 

t'lg.1. FIR. 2. FIr. 3. fir. 4. rlR. 5. 

□ CIj O CD 

A Sqnare is a parallelogram whose four sides are equal, and 
w iftcft angles are all right angles, as Fig. 1. 

A Rectangle or Oblong is a parallelogram whose opposite sides 
oujy are equal, but whose angles are all right angles, as Fig. 2. 

A Hhombun is a parallelogram whose four sides ore equal, but 
whose angles arc not right angles, as Fig. 

A Rhomboid is a parallelogram whose opposite sides only are 
equal, and whose angles are not right angles, os Fig. 4. 

A Trapezium is a quadrilateral figure, none of whose sides arc 
parallel, as Fig. 5. 

A fonr-sided Agare, which has only two of Its sides pomUel, Is called u 
Trapezoid. 

The lice that joins any two of the opposite angles of a qnadri- 
lateral figure is called its Diagonal. 


rig. 5 . 





DEriNlTI0N3. 


11 


D 


THE 


c 

A Circle is a fi^e bounded by a curved line, called its Cir¬ 
cumference, which is everywhere the same distance from a point 
called its Centre. E is the centre of the above circle. 

A Radius is a straight line drawn from the centre to the cironm- 
ference of a circle, as E D or £ F.—Plural form **radiV* 

A Diameter is a straight line drawn through the centre of a 
circle from any two opposite points in the circumference, as C D. 

An Are of a circle is any portion of its oircuvifi^rencc^ as A C, or D B. 

A Chord of a circle is a straight line which joins the ends of an arc, 

A B is a chortl botli of tbo arc A C U and A 1> B. 

A Segment of a circle is any portion of it cut oil by a ohord. 

Tbo flgaro enclosed by tbo arc A C U, aud the chord A IK is a segment of 
Uio circle. 

A Sector of a circio Is anr portion of It contained within two of its radii 
and on urc, os F B C. 

A Semi-cirole is half a circle, as D B C or D A C. 

A Quadrant is the fourth part of a circle, os F E C. 

Every circle Is supposed to be divided Into 360 CQUat parts, called digr^es^ 
therefore, the arc of every je/nfeirefe contains 180®, and of every quad¬ 
rant 90°. All angles aro meosared by means of arcs. If wo fix a 
compass on tho angular point, and describe on aro between tbo two 
nnns of an angle, this angle Is said to contain as many degrees us there 
aro In tho arc. Thus tbo angle of a quadrant, which is a right angle, 
contains 90°. If tho arc of an angle contains 30°, the auglo itself is 
said to bo an angle of 30°. For measuring angles, sco the Protractor, 
pages. 
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SCHOOL OF AET GEOIIETRT. 


POLYGONS. 

fignies that have more than fonr sides are called Polygons. 

A Pentagon has fire sides. 

A Hexagon „ six „ 

A Heptagon „ seTea „ 

An Octagon n eight „ 

A Honagon nine f, 

A Decagon „ ten „ 

An Hndecagon „ eleven „ 

A Daodeoagon „ twelve „ 

There are two lands of Polygons —Segular and Irregular. 

▲ RepulAT polygon has oU Its sides and angles eqoal; on 
polygon bos Its sides and angles unequal. 

Similar figures ore egui-angular^ and their corresponding sidei 
are pro^ortiona I, 

DRAWING INSTRUMENTS. 

In addition to Lead Fenoilt, Dividers, Pencil Compasses, a plain 
Seale of Inches divided into eighths, and Ttvo Set Squares, which 
are absolutely required, the pupil should also have a T" Square, 
Parallel Puler, and Protractor. 

THE T SQUARE. 

D 

The T Square consists of two straight mlcrs 
fixed at right angles to each other, as shown 
in this illustration, and is chiefly used for 
drawing perpendicular Hoes. If the edge 
A C be placed along a straight line, the edge 
D B will give the direction of a line at right 
angles to it. 






DEFINITIONS. 
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THE PARALLEL RULER. 



The Parallel Puler is used for drawing parallel lines, and consists 
of two rulers fixed parallel to each other by means of two equal 
brass links which are fastened to the rulers at equal distances bj 
pivots. If the edge A B be placed along a straight linej the edge 
0 D will give the direction of a line parallel to it. 


THE PROTRACTOR. 


E 



Tlio Protractor is used for measuring angles. It usually consists 
Df a thin semicircle of brass, which is divided into degrees as shown 
in this illustration. A line can be drawn at any angle from a point 
in a given line by placing the edge A B along the line, so that the 
point P rests on the given point. For example, the line P 0 on the 
Protractor makes with the line A P an angle of 30°, and F D mokes 
A F with an angle of 120°, and with P B an angle of 60°. 
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SCHOOL OF AET GEOMETBY. 


USEFUL PROPOSITIONS. 

1st—When a straight line falls on another straight line, 
It mahes the acljaoent angles equal together to two right 
angles. 

Explanation.—The aogtee A £ D and B £ B, 
made by the straight iino B £ folUog ga 
A B. are cqanl togetber to two right 
angles. 

Sad.—If two straight lines oross one another the opposite 
angles are equal 

Explanation.—Theopposftcanglea AE CandBEB are equal to each other, 
and likewise the opposite angles A £ B and C £ B. 

The four angles mode by any two straight lines crossing one another arc equal 
together to four right angles; for Instonee, the fonr angles A£C, CEB, B£B 
and A £ D arc equal together to four right angles. 

3rd.—^The three angles of any triangle are together e^nal 
to two right angles. 

A 

Explanation.—The three angle* A B C, B C A, aud CAB / 

arecqualtogelhertotworlgbcanglcs. / \ 


Explanation.—The exterior angle B C E la equal to 
the tiro interior angles BAG and ABC. 




4th.—If a straight Hue orosses two parallel straight 
Hues It makes the alternate angles equal. 


Explanation.—The angl • A Q H Is equal to 
the alternate angle Q H B; and also tho 
angle B G n to the alternate angle O H C. 





USEFUL PROPOSITIONS. 
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Bth.—If a straight line crosses two parallel straight 
lines it makes the exterior angle e^nal to the interior and 
opposite angle. 

Explanation.—Tbc exterior angle E G B If equal to the Interior and opposite 
angle O 11D; and likewise the angle E 6 A Is equal to the angle GII C. 

Also the two angles B Q11 and O U D arc equal togctlicr to two right angles. 


6th.—The opposite sides and angles of a Parttllelogram 
are equal to each other, and the diameter divides It into 
two equal parts. 

Explanation.—The sides A E and F B are 
equal, and also tbc sides E B and A K. 

The opposite angles A E B and A F B arc 
equal, and lUcewiso the angles E A F and 
E n F. 

The diameter A B bisects the Parallelogram 
A E B F. that Is. the triangle A £ B Is 
cqnul to tlio tiiunglo A F B. 



USEFUL PRELIMINARY PROBLEMS. 

Sticli Exercises as the following should ho given at this 
stage:— 

1. Draw lines mcasaring respectively 6',* 4|', 14', and any 

other given lengths. 

2. Draw any line A B, 3' long, and step o£E on it from A five equal 
distances. (Take A B, horizontal, perpendicular, and oblique.) 

3. Give points and request the pupils to connect them by means 
of various kinds of lines. (Note.—^Adjust the ruler to the pencil, 
and not the pencil to the nlcr. 

4. Draw lines in various directions, and request the pupils to draw 
others parallel to them, say an inch or any other distance from them, 
by means of the set squares. 

6. Draw lines in various directions, and request the pupils to erect 
pcrpendiculoTS at certain points by means of the set squares. 

" Note.—Feet arc often expressed by one dash; thus S' meoos fi feet, and inchet 
by two dashu t thus 6* means 6 Inches. 






SECTION II. 


The Problems contained in Sections 1,2,3 and 4, belong to, the 
First Grade course.; Second Grade pupils, however, must know 
them. 


LINES. 


The pupil must practico these problems with the lines in variona 
positions. 

PROBLEM I. 


To hueot a given straight or onrred line A B. 


/ 

/ 

1 


A ^ 


\ 

/ 

/ 

y' 



Irt.—From A as centre, vith any 
radius grtattr titan half ths 
\iM, describe an are. 

2Dd.~From U as centre, and vith 
tht tame radius, cat tbls arc la 
G and D. 

Srd.—Join CD by a line catting 
A B in £, then 

A B is bisected in £. 



PROBLEMS H & IIL 


To draw a straight line parpeudiouiar to a given straight line 
A B, from a given ^oint C, in the line. 

Case 1. 

Proh. 2.—TF^ the point is at or neab the middle of the 


Let C be tbo point. From C, trtlA anp radius, 
cat A B in D and B. From D and £, tnlA 
anp radius, describe arcs intcricctlng In F. 
Join F C, tben 

■Mote.—7 C is the required perpendloular. 



C 


u' ^ 


* Also reqalred from Second Grade pupils. 


PERPENDICtTLAK LINES. 
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Case 2. 

Frob. 3.—When the point u at «• nzas one end of the line A B. 


Let B be the point. From B, uiA 
any radiui, describe arc D E F. 
From B, tfitA same radius, step 
off the distances £ and F. From 
£ and F, teith anyradiut, describe 
arcs Intenectlng In C. Join B 0, 
then 

B O is the required perpou' 
dionlar. 


PROBLEMS IV. & V, 

Hh dram a ttraiffht line perpendlonlar to a given straight line 
A 'B,/rom a given^oint outside it. 

Case 1. 

Prob. 4. — fr/ten the point it opposite or kbarlt opposite 
the lilDDLE of the line A B. 

©c 



Let C be the point. From C, vith sufficient radiu*, 
out A B In t> and E. From D and E os centres, 
vUh any raditu. describe arcs Intersecting in F. 
Join F C, then the line 

F Q is the required porpendioular. 



Case 2. 

Prob. 6 . —IF7im the point is opposite or heaelt opposite 
the extremity of A B. 


Let C bo the point. Take any point B, in 
A B, not opposite C. Join D C and bisect It 
in £ V.P 1.) From £ ns centre, uiOi £ 1) as 
radius, describe an arc cutting A B In F. 
Join C F, then tbc line 
0 F is the required perpendicular. 
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SCHOOL OF AliT GEOJIETRT. 


PROBLEM VL 


3b dram a line parallel to a given 
g>oint 0. 

In A B Into any point, II, not opposite C. 
From D as ccnlrc, rrith D C ai radius, 
describe od crc C £; and from C as centre, 
vith Vu sanu radius, describe the arc D F. 
Ha^e D F equal to E C. Draw tbe line 
F C,tben 

F 0 Trill lie parallel to A B. 


line A B, through a given 



AD 3f 


PROBLEM Vn. 

2b draro a line parallel to a given line A B, at a given distance 
from it, egual to 0. 


JT _ K 







D 


g" 


C 

Take ony two points, D and E In the line A B as centres From these, mrt 
C as radius, describe arcs F and G Draw tbo line 11 K toaclilng tbese 
arcs, then 

S S is parallel to A B at a distance fVom it o^ual to''0 


ONANGLES. 

PROBLEM VUL 

J^ompointA, draro a line, mahing nith the given line A By 
angle e^nal to the given angle G. 

From point C, tftfA any radius, describe tbc arc 
B E. From point A xtith tame radius, describe 
arc F 0. Moke the arc F Q equal to tbc arc D E. 

Through P, draw line A F H, then 
E A B l8 the reqtilred angle, eaual to 
angle 0. 






A^^GLE5, 
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PROBLEM IX. 

To dram a line from a given point A, outfule a given line R D, 
vialiing with the given linCt an angle eq,nal to a given angle C. 

Let C, Prob. 8, be the given angle. 

Through tho point A, draw a lino A E, parallel to 
the given lino B D (P. 6.) Draw A F, rooking 
with tho line E A an angle etiual to O (P. 8,) and 
cutting B D in F, then 
A P D is tli 0 nn^lo rsquirod, eaual to oofflo 0., Problem VlXI. 

Note.—Problems 0, 8, and 9, in particnlar, should be fiequentlt 
worhed with the line and pomt in various positions. 



PHOBLEM X. 

To hiseot a given angle ABO. 

From B, viOi any radtur, describe on are catting 
tho nrmfl of the angle in A nml C. From A and 
C, triM uuy radius, di scribe arcs cutting In D. 

Dmw line B1). then 
B D biseots tho angle ABC. 

PROBLEM XL 
To trisect a right angle A. 

- From A, vith ant/radius, dcfcrlbe on arc, cutting 
the arms of the angle in B and C. From B and 
C, as centres, with the tame roditu. cut the arc in 
K and D. Draw the lines A D and A £. Then 
the lines 

A D and A E triscot the right angle B A 0. 

A C 

JT.B.—A right angle contains 90“, thcpcfort B A C is nn angle of 90®; E A C at 
angle of 30®, and D A 0 an angle of 60® An sngic of 45® Is half a right angle; an 
angle of 16® is half an angle of 30®. Hence the pupil will find no dlfilculty in con. 
structing, without a proimctor, angles of 90®, T6®, 60®, 46®, 30®, and 16®, which the 
tc-neber should require him to do. 

Note-—!rae f u^ « ihould frequently be required to mate angles of tanVus degitts 
and m any positions, by means of the compass and ruler. 
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SCHOOL OF ART GEOMETRY. 


ON DIVIDED LINES. 

PROBLEMS xn & xin. 

To divide a straight line A B into any nwiibei- of equal parts. 
For example talte 5. 

FIRST METHOD. 



Draw Uie line A E, ftt aD 7 angle to A B (P. 3.) Through B, draw tho lino D 
paraUel to A E (P. 6.) With any conrenlcnt radius, step off from A and B ou 
the lines A E and B E the number of parts, less one, into which the line A B 
is roQUlrcd to ho divided, as 1,2,3,4. Join 1 and 4,2 and 3, 3 and 2,4 and 1; 
then 

A B is divided into five oqual parts. 


SECOND METHOD. 

At A draw any line A C of unlimited 
length, making any angle with AB. 

Uaik off any five cqnal distances from 
A towards C. Join S and B. Through 
the remaining dlrlslons 1, S, 3, and 4, 
draw lines falling on A B and parallel 
to SB, then 

A B Is divided into five equal parts. 

TS^otQ.'^Thepupil should nom divide a line into 7,10, or any other 
number of equal parts. 




TRIANGLES. 
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PROBLEM XIV. 

To divide a given line A B proportionally to a given divided 
line C D. 


Draw A Hoc pAraltel to A B equal to C I>, aod 
simllarlr divided, at any dislanu from it. 
Jolo A and B with the cods of thia line, and 
produce them to meet In B. Draw lines from 
K, through the dlriilons 1,2,3,4, zneeting A D 
In 1,2,3,4, then 

A B l8 divided proportionally to 0 D. 



A— A,\ 


Noto.—The fame principle divides a shorter line than the given one, only the 
apex o! Uie triangle would fall below A B Instead of above. 


ON TRIANGLES. 

PKOBLE5I XV. 

To construct an eguilateral triangle on a given base A B. 


From A and B as centres, utih A B a« rpdtiu, des¬ 
cribe arcs entting each other in C. Join A C 
and B C, then 

A B 0 is tho oQullatoral trionglo rcQuired. 



PROBLEM XVL 

To construct an equilateral triangle, lutving a given height h. E 

From the extremities of the Hue A B, draw the linea 
F A E, osd BBC perpcndlcnlar to It. (P. 3.) 
i'rom A as centre, teith any radius, describe a 
semicircle cutting F A E in F aud E. From E 
and F, with same radius, cut this Ecmlclrclc In 
O and II. Draw lines from A throngh Q ond n, 
meeting C B in C and B, then 
A D 0 is the odtillatoral triacglo required. 



SCHOOL OF AHT GEOHETRIT, 


PROBLEM XVIL 

To constrnci an isosceles triangle^ having its base A B, and 
>>pj?t/siie angle 0, given. A 

rioduce the basotoD.and from A draw ttUne A E, /c\ n/? 

making wiUi A D an angle cqaal to Iho gWcQ 

angle C(P.P.) lilscct the angle E AB by the — / \ 

line A F (F. 10.) From B, draw a line, mnUiug 

with 11 A, an angle equal to the angle P A U /\ / V \ 

(P. S.), and meeting A F produecil in G, then / \ / '~1 . \ 

AGBisthoisoscoloa triangle required.* 0 A » 

Note.—The pupil !-hou)d lo taught Ihc reason for this method of construction, 
uthcr^rUe be trill bo upt to forget u. 

PROBLEM XVIII 

Construct an isosceles triangle, of whicit A B is ihc perpeu’ 
dicular height, and C D the length of each of the equal sides. 


'4'7K/ 

/\ / Y 


Throngh B draw a line O H of In- 
(Icilutio ICQgih At rlgbt angles 
toAB. (Prob.3.) Fromccnire 
A, \rith distiince C D, mark o(t 
on G 1! the points £ mut F. 
Join A E and A F. Then 
A E F is the isosceles 
triangle required- 


PROBLEM XIX. 

, Construct an isosceles triangle, of which A B is the base, and 
U D the length of each of the equal sides. 


From centres A nnd D, nitb C D as radius, 
describe arc' iutcrscotJng in E. Join 
AEandDS. Then 

the triangle A S B is the isosceles 
triangle required. 


a • ^-^-7) 

* N.B.—Isofcelcs triangles having*angles at the oi>cx of 30®, 46®, fiO®, 76®, and 16® 
respectively should now be coostrucled. 



TRIANGLES. 
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PROBLEM XX. 

Construct an isosceles triangle, of which A B is the hasst and 
C D thcjfcrjjcndicular height. 

Note,—Ibo apex of an isoscolci triangle auunL exactly orer tbo centre of tbo base. 



To construct a triangle, having its sides egual to three given 


linesj A, B, and 0. 


Draw a line I) £ equal to A. From I) ns centre, 
vith n as radius, and from E as centre, taUh 
C as radius, describe arcs cutting in F. Join 
n F iind E F, then 
D F E is tbo trionglo rociuircd. 



PROBLEM XXII. 


To construct an 7 triangle, its base 0 D being given, and having 
angles at the base egual to given angles. 


let A and B be tbe given angles. 

At C and D mabe angles E C B and E D C, equal 
to the given angles A and B, by lines meeting in 
E, (I'TOb. 8), then 

S 0 D Is tho triangle roqialrod. 
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PKOBLEM XXm 


Cmstmet a scalene triangle, of mhieh A B is tJieperpendiettlaT 
Juight, and 0 and D t?ie langthofihc sides meeting in the apete A. 


Througb B drsTT a stralsbt line 
OHof Indefinite length at rigbt 
angles te A B. (Prob. 3.) From 
A, Trlth distances C and B re> 
spectlTcljr, mark oil on Q H tbe 
nolnlfl E and F. Join A £ and 
A F. Then 

A£ F ifi the soolene triangle 
required. 



PBOBLEM XXIT. 

On lase A B eonstruet a triangle similar to the given trianglt 
CDS. 

2T.B.—Triangles axe similar to each other when their 
angles ore equal. 


ICake angles at A and B etfnal re« 
gpectlTtly to the angles at 1> 
and E, producing tbe lines to 
meat In F. Then tbe angle 
A F B Is also equal to tbe angle 
B C E, and 

tbe triangle A F B Is the 
■iTpiiaf triangle required* 


Note.—2^ corresponding sides of similar triangles are proper- 
tional^ that ti, the three sides of the triangle A F B are proportional 
to the eorre^onding sides of the triangle D C E. 




QUADRILATERAL FIGURES. 
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QUADRILATERAL FIGURES. 


PROBLEM XXV. 


7b oonstruot a 9(3.aare ^pen a given hate A B. 


From B dnw B D, perpendietilAr to A B and 
cqonl to It (T. 8.) From A and D as centres, 
%tHh A B <u rodiui, describe arcs catting In 
C. Bmw lines A C and D C, then 
0 A B D 1b tlio square required. 



PROBLEM XXVL 

To oonstrnot a square, having itt diagonal A B given. 


Blscet AB is E b7 the perpendicular 0 B. 
(F. 1 ft 3.) From £ cut oil £ C and E D, 
eriiial to E AandE B. BrawUnes AC, ADj 
C B, and B D, then 

A 0 B D is tlie square required. 


PROBLEM XXVn. 



Jb oonatTnot an oblong or rectangle, having itt aijacent 
Met equal to tm given tidet A and B. 


Draw a line C D equal to A. From D draw 
D F perpendicular to C D and equal to D, 
(P. 3.) From C os centre, vith B tu raditu, 
and from F as centre, witA A as radius, des¬ 
cribe ares cutting in E. Join 0 £ and F £, 
then 

E 0 D 7 is the oblong required. 



V.'D.—Be very carefuJ to explain here the differenee betaecn an OBLONQ, nnoinius. 
BBOUSOID. and Tiurcnuu. 
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PROBLEM XXVHL 

To construct an oBlong, having one side A, and its diagonal 
gieen, 

Dra\y a line C D eqoal to B. Bl?cct C I) In E. 

(P. 1) From £ as centre, icttA £ C oj raJius, 

(Icjcrlbo tbc circle C F D Q. From C mark 
oS on tills circle C F equal to A, ondlrom U, 
on the other side of the diagonal, cut oil 1) Q, 
olfO equal to A. Join C F, F B, B O, and 
C G,theu 

C P D G is tno oliloDg required. 


PROBLEM XXIX. 

To Gonstmot a rLomBus having a base and angle cguul to a 
given base A B, and angle C. 

Moke a line B £ equal to A B, and at I) 
dniT tbo line B F equal to B £> and 
making ^7ith It an angle equal to C. 

(P. 8.) From £ and F as centres, uilh 
B E ar radius, describe arcs cutting in 
G. Join F O and E G, then 
F D £ a is tho rhombus required. 


PROBLEM XXX. 

To construct a rhombus^ having its diagonal A B and side 0 
given, ■ 

From K and B os centres, vilh C as radius, 
describe arcs catling In B and E. Join 
A B, A £, B B, and B E. then 
A D B E is tbo rhombus roquired. C 

0 





QUADRILA.TErv.U. FIGURES. 
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PROBLEM XXXL 

To construct a rllomUoid having its adjacent sides egn-dio ttco 
given lines A B and C B, and an angle egnal to a given angle A. 

■ Draw A line n E criaal to A B; from D dravr 
D F equal to C 1>, and making with D E an 
angle equal to the given angle A. (I*. 8.) 

From F, iciih line A B radiui, and fmin B 
Kith line C D as rwiius, describe area cutting 
each other in G. Join F G nud E G, then 
F D £2 O is tbo rnomlsold roquirecL 


FEOBLElf SXSJI. 

To construct a trapezium egnal to a given traijczinm A B 0 D. 

ITake E F equtil to A D; from E draw E 0 
equal to A B, and nrnUiig ivitli E F an nti^jlo 
equal to the angle B A D. (P.8.) From O 
as centre, tp.th B C as radius, and from F us 
centre. trifA C B a« raJtus. describe arcs cut> 
ling lu IL Join Q n and F n, then 
£ Q H F ^ toe trapezium reauired. 


PROBLEM XXXni. 

To construct a trapezium, having its adjacent pairs of sides 
equal respectively to tno given lines A and B, and its diagonal 
equal to the given line C D. 

A 

From cciiire C, lei/A fAc/in« A os raJiuf, and 
from U, icifA B as radius,describe arcs Inter- 
meeting In E and F. Join 0 E, C F, I> E and 
D F. then , 

C £ B F is th .0 trapezium reciuirod. 






SECTIOJf III, 


VARIOUS APPLICATIONS. 

The foregoing problems include all the general principles that arc 
required from First Grade pnpils. The teacher, however, must not 
forget that they belong, as well, to the Second Grade course, and 
that the candidate will be required to apply them in solving various 
kindred problem^ of which the following may be taken as fair 
illustrations. _ 


PBOBLEM XXXIV. 

ilalte a line A B, 2 inohet long^ divide it into four e^nal jiarte^ 
anA at each end and division ereot aperpendioular 1 inch high. 

1. The popll Is familiar with sU the Udgs of construction which hcrr p.vplain the 
process. The dlrlslotis may be made by the dividers or according to I'robicm 12. 


/ir\ 


XX tx tz 




A e .D jc s 

3.—The Intersecting arcs at X nro stmek from A and D. The arcs at T and 2 
« obtalaed In a similar moaner. (See Trob. 2.) 


PROBLEM XXXV. 


Jfivide tiu given tquare A B G D irdo four equal squares. 
I7ote-—The same methods auy also he applied to the rectoselc to divide It Into 
four cqoal rectangles. 



Bisect two adjacent sides A B and B C In S and F. Throagb E and F draw 
pemllcis to the other sides. Then tho sqnare la divided Into four eqnol 
squares, and the rectangle Into four equal rectangles. 

J7.B.—The parallels can be drawn cither by set sqaarea or after the method 
adopted In Problem 6. 





QUADRILATEBAL FIGURES. 
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PBOBLEil XXXVL 
Divide the tQuare A B 0 D into 16 \or any other niwihor) equal 


aqaares. 


Tbo mettiod Is appareoU Blrldo two 
adjacent Bides into tbo number of 
ctiunl parts, which aro Indicated 
by the square root o( the number 
of equal squares required, wbicb 
In this caso Is lour. 


y 

Nota.^Tha pupil should now be required to divide squares into 9, S5,3C, Aux, 
equal isquarcs. 


PROBLEM XXXVn. 

Coustmot a triangle, tico aides of nhioh are eqxial to the tico 
litiea A E and B res^eotivehji and one angle egual to 0. 


1. angle at A oqoal to the 
gives angle C. (Prob. 6.) 

3. hlake the side A D equal to tlic 
given side n end join D £. Then 

A1) E is the triangle roqolrod. 



PROBLEM XXXYIIL 


Construot a triangle having baaeA'B and two angles^ egual re» 
tpectively to the two given angles C and D. 


Hake angles at A and B equal re¬ 
spectively to C and D. Produce 
the Uucs to meet in £. Theu 

A E B Is the triangle required. 
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PROBLEM 


Bisect eacR of tlie sides of tRe triangle ABC, aiidpro- 
duce the bisecting lines until they meet 
each other, * / \ 


Tbc^ sides ate bIsKted as In rrob* 
Icm 

Koto.—Tbe point D, vfbere the lines 
meet, Is the centre oi a circle, 
the circumference of which 
would pass throQsh the points 
A.B. and C. nm' thus be described 
about the iriungU. (Seol^b.GI.) 



PROBLEM XL. 

Bisect eaoR of tRe angles of the triangle ABO, and produce 


the bisecting lines till they meet 
each other. 

Tbefc angles arc bisected os In 
I’rob. • 10, (Be careful to draw 
the ares neatly.) 

Koto.—The point D where the 
hifccting line meets, Is the centre 
of the triangle, from which a circle 
con be iii^erib(»i In the triangle. 
(Sec Proh. 63.) 



-/L 


PROBLEM XLL 

At the point A, on the right tide of the line A B, constmct an 
angle of 60°, and at point B, on 
the same side, construct one of 
30°. Produce the lines till they 
meet, 

IfiL Construct a right angle D and 
divide it Into angles of 60* 
and 30*. , I 

2nd, Applythcsc angles to A and B, ,Al 
asrcqoIred.bymcansofProb.S. : 



BOALE EXERCISES. 
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PROBLEM XLn. 

On the late A B oonstraot a triangle, the three angles of mtiieh 
are GO®, 30®, arid 90® respcetively. 


Therefore, at A moke nn angle 
of 30«, ond at B an angle 
of CO^, by lines A C and 
B C mccilng in C. Then 
tbcrcmalDingangleACB 
will bo 00**, and tbc three 
angles of tbc triangle will 


be respectively CO®, 30®, and 30®. 



SCALE EXERCISES. 

Note.—The teacher should frequently request his pupils to draw 
scales to represent various distanees, sueh os the folloiviug:— 

1. —Draw a line to represent 4} \ on a scale of 1" to the foot. 

2. —Constmet a scale to represent 26 miles, taking JUi of on Inch to the mile. 

8.—Draw n line to represent 46 degrees, as marked on the side of a map, on a 
scale of 10 degrees to half on Inch. 

4.—Draw a line to represent 10' on a scale of ^th of on Inch to an inch. 



SECTION lY, 


riGURES TO BE COPIED. 


This section chiefly tests the pupil’s ability to mcasnie, and to 
dia\r with nearness. 



0 . 


1st. Describe the trUagle. 

Draw tho Hues which bisect the 
angles meeting In the centre. 

3rd. Hark off tho centres and describe the 
circles, making tho corres thick os 
required to show the ontUno ol the 
trt-foiX. 






s 


riGUBES TO BE COPIED. 
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D. 



1st. Mnko the sqnore A B 0 D, and 
draw the diagonals A C and B D. 

2nd. Brow the Hum 6 / and e g, and 
Dark off the centres of circles., 

Ird. From each centre describe the 
circle, muklne tho thick curres 
os shown. 


£. 



1 at. ^lake the (tqtiare. 

SikI. Divide It Into four equal squares. 

3rd. Draw tho dotted diagonals of the 
nnali squares. 

4tb. Describe the circles from the 
centres of each smiU square. 


P. 


N.B.—The centre for the now figure would be given, if not, take 
any convenient point os centre. 


1st Describe the outside dotted circle. 
2nd. Describe tho inner circle. 

Ird. Draw the three diameters. 

4th. Mark off tho centres of tbs 
small circles snd describe them. 
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a. 


N.B.—-The centre for the new figore would be giTcn, if not, 
take any couTcnicnt point os centre* 


lit Describe the onUlde diole and 
thea the Inside one. 

Snd. Draw the radU and mark ol! tho 
fire centres. 

Srd. From each centre describe the 
circles, making the thick enrrea 
as shown to mark the outline of 
the ciaque-foU, 



H. 



Kote.—This figure consists of 
two equilateral triangles. 

Tbeconstmction nien.'l;re(talres exact 
measurement and careful mllof. 


I. 



lit. Make the inside hexagon with 
thick llnea as ihown. 

Snd. On each aide describe a hexagon 
and the figure will be completo. 


FIGURES TO BE COPIED. 
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J. 


K.B.—The ccntie for the new figure would bo given, if not take 
any convenient point os centre. . 


Ift. DescrllM the circle and 
iDBctibe the lines of the 
hexagon. 

Sod. From centre A, with 
distance A O, describe 
the arc D 0 F. From 
each of the oUier angular 
points of the bexagon. 
\Tltlt the radius of the 
oirele as distance, do. 
tvrlbo elmllor arcs. 



K. 


1st. Draw the square and Its 
diagonals. 

3nd. 3fnrh off the points which 
trisect the sides. 

8rd. From each angle of the square 
as centre describe the area. 

4th. Describe the circle. 



£th. Mark the thick lines to con- 
itrua the ocugon. 



SECTION V 


The ProhXems contained in the folloning Sections "belong exchtsively 
to the Second Grade course; nevertheless^ tTie foregoing Frohlems 
have to be known by the candidates. 


OFFICIAL INSTRUCTIONS. 

The instnictions issued by the Soienoe and Art Depart¬ 
ment say 

“ Problems will be set in the elementary constructions necessary 
“ to geometrical pattern-dra'mingy and simple geometrical tracery 
" —the constructions for a circle passing through three points or 
touching three lines; the construction of tangents to two circles; 
“ the simple cases of inscription and circumscription ; the reduction 
“and enlargement of figures; the construction of irregularpolygotu 
“ when the angles and sides are given ; the use od.plane scales; and 
•‘of the scale of chords; the construction of regular polygons. (In 
“this stage a general method for the construction of polygons will 
“ be considered sufficient.) In Solid Geometry, simple Problenjs 
“on plan, elevation and section of the common solids, ond. the 
“projection at plane figures,*' will be given. 


CIRCLES, AND THEIR TANGENTS. 


PROBLEM XUn. 
To find the centre of a circle. 

Draw aQ7 cbord A B and bisect It by a per> 
pendicnlar C D which wUI be a diameter 
el the Clide. Bisect C 1) In £; then 



£ Is the centre of the circle. 




CHICLES AND THEIB TANGENTS. 
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PBOBLEM XLI7, 

Sh dram a circle through three given points, A, B, 0. 


Join A B and B C, and bisect the lines 
by perpendiculars, entting in I). From 
I> os centre, trttA B A or radiui, describe 
a circle. It will pass throngh the three 
given points A, B, C; then 
A B C is the olrole reanired. 



Note.-'An aro of a circle can be drawn throngh any three points, not In the 
umo straight line, os well os a whole circle. The centre of n circle, of which any arc 
la a pan can also be found by bisecting any two adjacent chords, the meeting point 
of the tines of bisection being the centre. 


PROBLEM XLV. 

To divide the area of a circle into any number of egnal or pro- 
mtrtional areas by concentric circles. 

Let be reguired to divide the area of the circle into thr^ee 
equal parts. 

Let A be the centre of the circle. Draw any 
mdlna A B, and divide it into os many 
eqnal parts as the circle is to hare di¬ 
visions (in this case 3.) Upon A B 
describe a semicircle, and erect perpen- 
dicnlnrs, from 1 and 2 cutting It In C and 
B. From A os centre, trif/i A C and 
A B <u radii, describe tho circles C E 
and B F; then the area of the given 
circle is divided Into three eqnal divisions as required. 

N.B.—If it Is required to divide the area of the elrele into proporfiotia! artat 
by concentric circles, the radios A B must be divided Into tbe proportional parts 
required instead of equal parts. 
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PBOBLEM XLVL 

^ divide ths area of a oirole into any number of equal parti 
rtbieK thaU alto have equal perimetert. 

Let it be required to divide the area of the circle into three 
equal parti, 

fir&w any diameter A B, and divide It Into 
as many eqoal parts as tbe flgore is to 
bate dlTislons (in this case S.) Upon 
A 1 and A 3, describe the semlcirclea a 
and b, and npos B 1 and B Q, describe 
the contlgnoQS semicircles e and d; then 
the dicle U divided Into three equal parts 
bj the double semicircles o e and 6 d. 



TANGENTS. 

PROBLEM XLVn. 

To draw a tangent to a givon eirale at a given point of contact i. 


Find tbe centre B> Join B A. From A, dratr 
A C perpendicular to A B, and produce it; 
then 

A 0 li the tangent repaired. 



PROBLEM XLVIIL 


7b dram a tangent to a given circle from a given point A 


■uindeit. 

Find the centre B Join A B, and bisect It 
In C. From C as centre, vUh C A os 
raditu, describe a circle, cutting the cir¬ 
cumference In D and E. Join A D and 
A £, and produce the lines; then 

both the lines A D and A E are tan- 
gents to the olrole. 




CIRCLES AND THEIR TANGENTS. 
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PROBLEM XLIX. 

To draw a tangent to the arc of a circle at a given point A, 
without wing the ee:itre. 

Draw tbe Chord A B and blieet It fn 0. 

From C erect pcrpoDdlcalar C D, and 
join ▲ D. Moke the angle DAK equal 
DAC; then 

E A produced is the tsugeut redulred. 


QUESTIONS AND EXERCISES. 

1. —Find the centre of any given circle. 

2. —Through any given point C within a circle, whose radins U 
IJ', draw the longest possible chord. 

S.^Constmet the plan of a circular race coune, mile in 
diameter, so that three gates A, B, and C shall fall within the path. 
(^Scale T to a mile.) 

Construct the circle of which any arc is a port. 

5. ^DIvidc the area of a given circle into eight equal sectors, by 
lines drawn from the centre. 

6. —Construct a plan to show how any given circular estate could be 
divided equally between four farmers A, B, C, and D, so that A’s estate 
H entirely enclosed by B’s; B's estate by C’s; and O's estate by D’s. 

7. —Construct a plan to show how any circular flower-bed could be 
divided into four equal parts, so that the boundaries of each part 
are equal. 

8. —From a given point 0, one inch outside the circumference of a 
given circle whose diameter is two inches, draw a tangent to the circle. 

9. —Divide a circle into three proportional areas by means of 
concentric circles, so that the area of the outside circle la three times 
that of the inside one, and the middle area twice that of the inside 
one. 

10. —CoDstmet a circle touching another circle in A, the circum¬ 
ference also p.issing through two given points B and C, either 
without or within the circle. 

11. —Draw a tangent touching an are in any given point 
without using the centre. 





SECTION VI. 


POLYGONS. 

“A general method for the construction of Poljgons 
will he considered snffloient."— See Iksteuotions. 


PROBLEM L. 

To iruerihe any regular Polygon in a given, circle, 
GENERAL METHOD. 

for txample, let the required Poli/gen be a 
Pentagon. 

Drawn diameter A B ood divide It Into os 
many equal parts as the flgnre Is to 
luTo sides In this case C. From A and 
B as centres, tritA A B a> radiut, 
describe arcs cnttlng tn C. From C dmw 
the lino C D, passing through the second* 
diTlaicn from A, cnttlng the elrcnm* 

' ference In D. Join A D, which Will he 
one of the sides, or nearly so, of the 
Pentagon. Set off the distances A D 
oronnd the Clrele to get the points for the angles of the Polygon. Join these 
points, then 

the flgnre inscribed In the circle Is the Polygon rotialrod. (In 
cose & Pentagon.) 

PROBLEM LI. 

fb inscribe any regular Polygon in a given circle, 

SECOND METHOD.—(EXTRA.) 

For example^ let the required Polygon be an Octagon, 

Draw any radios A B. At B draw a tangent 
to the circle (P. V.) From B with any 
radios describe a semicircle, and divide It 
into as many equal parts as the Polygon 
Is to have sides, (In this case S.) Draw 
radlstlag lines from B through each of 
these divisions, entUog the given eirde 
in 1, 2, 3,4,5,6,7. Join these points; 
then 

the roqnlred Polygon (aa Octagon) la 
Inscribed. 

• Always draw the llncas C D throngh the second division, whatever nnmber of 
ddu the Polygon Is to bav& 






POLYGONS. 
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PROBLEM LIL 

To dctCTxbe any regular Polygon on a given line A B, 
GENERAL METHOD. 

For eaample, let the required Polygon he a Eeptagon, 

ProdQCO A B cither wa7 to C.nnd from A as 
centre, with A B as radios, describe a 
semlclrclo, cutting the produced line In 
C. Divide this semicircle Into os mnny 
equal parts ns the flgorc Is to have sides 
(in this case 7.) Join A and D, the 
second* point from C, which will bo 
anoiher side of the heptagon. Throngh 
the points B, A, D, describe n circle (P. 

IT.) iSce oil the distance A D oronnd 
the circumference, and join the parts thns marked, vlx., D E, E F, F O. 
on, ondHB: then • 

ADEFQHBis the Polygon required. (In this case a Heptagon.! 

The pupil may omit the second and special methods for construct¬ 
ing Polygons and pass on to Problem LXI. 


PROBLEM LUL 

To detorihe any regular Polygon on a given line A B. 

SECOND METHOD.—(EXTRA.) 

For examplOf let the required Polygon he a Pentagon. 

At n erect a perpendicular B C equal to A B • 
and describe the quadrant A C. Divide 
the are A C into as many c-tunl parts as 
the required polygon is to have sides, (in 
tills case 6.) Draw a line from B to the 
2nd division, Blrcct A B la D, and from 
I> erect a perpendicular to cat B 2 In £. 

From centre £ with distance £ B describe 
n circle. It will contain the Polygon. 

Mark off A B around It, then the required Pentagon Is described on A B. 

* To get the second side always draw the line os AD to the second division, 
whatever number of sides the Polygon is to have. 
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PROBLEM LIV.-(EXTRA.) 


Brew any diameter A B. From A and B as 
centres, with the radios of the circle us 
dlstAsce. cot oil the points 1 2,3 and 4 . 
Draw lines A It A 3. B 3. B 4,1 4, and 
28; then 

the insorlbed Bgnio is the Hexagon 
required. 



Note.—The radios of a circle is a sixth port of the clrcomfcrcnce (or oearly so.) 


PROBLEM LV.—(EXTRA.) 
To imoribe an octagon in a given circle. 


Ura>«’ any two diameters A B and C D. at 
rl;;hi angles to eneh other; bisect each of 
the four arcs by the diameters £ Q and 
F H. Join the points; then the figure 
Inscribed In the circle Is the required 
Octagon. 

K.B.—The special methods for Inscribing 
ether Polygons In a clrelo ore more dUIlcnlt 
than either of the general methods (Problems 
L. andLL), therefore it Is qolle onncccssaiy So 
gire them here. 



PROBLEM LVL—(EXTRA.) 

To descrihe a hesagon on a given line A B. 

From A and B as centres, tftlA A B as radius 
describe arcs catting In C. From C as 
Centro; xeUh the sqme radius, dciutrlbe 
a circle, it will contain the required 
hexagon. Cot off oroand the circum- 
(erenee, with A fi as radios, the points 
B, E, F, one) G; they will be the coracr-t 
of the hexagon. Join these points; then 
the flgoTO A D E F G B ia the hexagon 
requirod. 

Note.—The radios of a drclo Is the length o! the side o! tbo Zlexagoa laaeiibsd 
In it. 
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PBOBLEM LVIL 


To intcrihe a Pentagon in a given oirole, 

SPECIAL METHODS. 


S>t%w any diameter A. H and a radios I> 0 
perpcndlcolor to IL Bisect B D in E. 
From £, with £ C as radios, describe arc 
C F. Join F C, it will bo equal to 
the Bide of the pentnsoo. Fioiii C mark 
off the five distances cqoal to F C, and 
loin the points; then 

the Insortbed flrnre Is tho Pentagon 
reQTiired. 



PKOBLEM LVm. 


To inscribe a Heptagon in a given 


Draw any rodlns A B, bisect It by the per> 
pcndleular C D in £, then £ C will be 
equal to the side of tho heptagon. In* 
scribe IL 


oirect 



PROBLEM LIX. 


To df-sorihe a Heptagon on a given line A C, 


From B as centre, with radios A B, describe 
a semicircle cnttlog A B produced in C. 
From A, with same mdlus, cut this semi* 
circle in B. Bisect A B in £, and join 
I> E. From C, with B £ as radios, cot 
the semicircle In G. Join B 0, it is 
another side of the Heptagon. Find tho 
centre of the circle that contains It, 
and complete tho Eepagon. 
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PROBLEM LX. 

To describe an Ootagozi on a given line A B. 

From B, wltb radios A B. describe a semU > 
circle entUnp A B produced In C. BU 
sect tbo semicircle lo B, nnd bisect tbe 
ore C B in E. Bmw line B E, it Is 
another side of the octn^n. Find titc 
centre of the circle that contains It 
and complete the (rtugon. 

K.B.—The special methods for describing any 
of the other polygons on a glrcii base are 
more dtfllcult than either of the general 
methods, therefore It Is quite nnueccsiMio’ to give them here. 


TO CIRCUMSCRIBE POLYGONS. 

GENERAL REMARKS. 

First.—The centre of any regular polygon is the centre of the 
circle which circnraBcribes it. 

Seooiid.--The angles at the centre of any regular polygon nre 
cqnal to each other, and they are together equal to four right angles. 

Therefore any regular polygon caji he inscribed in a 
circle by using the protractor only. {See Questions 5, 7, 
and 10 at the end of this chapter.) 

Third.—If tangents be drawn to the angular points of any 
polygon inscribed in a circle, a polygon will be described about the 
circle having the same number of sides. {See Prob, LXI.) 

Fourth-—If tangents be dra\vn to a circle parallel to the sides of 
any inscribed polygon, a polygon will be described about the circle 
having the same number of sides. 

Therefore any polygon can be easily described about a 
circle. _ 

Second Grade Pupils are required to describe Polygons about 
circles 05 well as to inscribe them in circles. • 

PROBLEM LXI.—GENERAL METHOD. 

To describe any regular polygon, about a given circle. Let 
the required Polygon be a Pentagon. 
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The pupil must dlytdo the circum¬ 
ference of the clicic Into lU mnuy 
cfiuul paru as the Polygon is to 
have sides In this cose and 
DC these point draw tnngcuts. 

The Circle may ho divided as In 
Problem XL., or It may bo done 
more neatly by constructing Svo 
equal angles ot the centre. Notv, 
since the angles at the centre ot 
every Polygon are equal to four 
right angles (SrO^J therefore tho 
angles At the eentre of a Pentagon 
lire each 72®. Find Uio centre 0 
and draw any radius. At O In 
O 1 inuko nn angle of 72® hy Protractor and In tho same manner 4 other equal 
angles In consecutive order by the radii, 0 2,03,04 aud 0 6. Draw langcui? 
at these points to Intersect each other In A R C DThen 
A B 0 D E Is tlie Fentogon rcduired. 


SccoDd Grade Pupils arc also required to complete Polygons wbcu 
two or three sides are given. 

PROBLEM LXIL—(GENERAL METHOD.) 

Com^hte the Polygon of nhioh A £ and £ C are the adjacent 

tides 

Tho Pupil will notice that thli Is only n part of 
Problem Yin. Since every regular Poly¬ 
gon can bo Inscribed In a circle, wo have 
simply to find the centre of tho circle and 
draw it through the three points A B and 
C. Bisect A D and B C in2und 1. At 2 
and 1 erect perpendiculars meeting in X, 

M’blch Is thocentroof thoclrclo. Describe 
the circle and complete the Polygon, which 
Is a Pentagon. 

TO CONSTRUCT EQUIVALENT IRREGULAR 
POLYGONS. 

Second grade pupils arc also required to draw irregular figures 
similar and equal to others. 

The process Is simple. Start with any one side and make a side equal to It,con- 
struct on angle at one end equal to the angle at the corresponding end, and make the 






4b 


SCHOOL OF AT.T aEOMETRY. 


adjacent s!de equal to tbe eorrespondlns so os, moke an equal angle and 

equal side, corresponding wltb the given figure, until the irregular figure is complete. 

Note.—It will he well for the pupil to draw various Irregular rectUlnesl 
figures at random, and construct equivalent ones. 


QUESTIONS AND EXERCISES. 

1. —^Iii a given circle whose diameter is inch, inscribe a xcgnlar 
pentagon in two different ways. 

2. —Show the position of a wheat sheaf situated exactly in the 
middle of a com field, which is bounded by seven equal hedges. 

3. —Draw a circle which shall pass through three consecutive 
angles of any regular nonagon. 

4. —Divide a regular heptagonal flower bed into seven equal 
divisions, so that each division shall have one side of the heptagon* 

5. —Prove by illostrations that the angles made by straight lines 
drawn from the centre of any polygon to the angular points, are 
together equal to four right angles. 

6. —How can a polygon of any number of sides, be inscribed in a 
cirdc by means of the protractor only 7 

7. ->Goii5tract a legnlar polygon whose side A B is the chord 
«f an arc of 45^ 

8. —What is the number of degrees in each of the angles at the 
•centre of a dnodccagon 7 

9. —Inscribe in any given circle, that polygon whose angles at the 
oentre are each GO**. 

10. —Inscribe in any given circle, that irregular hexagon whose 
angles at the centre are respectively 120®, 90®, 60®, 46®, 30, and 15®. 

11 . —Construct a regular polygon on any given line A £, having 
the du^tance from cither of its extremities tu the centre equal to the 
side A B. 

12. —About any^ven circle, describe a regular pentagon, whose 
sides are parallel to an inscribed pentagon. < 

13. —About a given circle, describe a regular heptagon, whose 
sides are drawn through the angular points of an inscribed heptagon. 

14. —Draw as many illustrations as yoa can, showing how tri* 
angles, qnadrilaterals, circles and polygons, are familiarly applied in 
^ving beauty to objects of detign, omamentt arohitecturct ^'o. 






SECTION VII 


INSCRIBED & DESCRIBED FIGURES. 


PROBLEM LXm. 


To iiuoriit a olrole in a given triangle A B C. 


Blicct the two on^es B A C and A C B 
by lines meeting in D. From D draw 
1> B perpendicular to A C. From centre 
D, with radios D E, Inscribe the required 
drcle. 



PROBLEM LXIV. 


7o desoribe a olrole about a given, triangle ABO. 


Bisect two of its sides, A B and B C, by 
lines cutting in D. From D as centre, 
vith D B (M radius, describe a circle; 
Uien . 

A B C Is the reoLulrod olrole described 
about tho ^ven trlausle. 



PROBLEM LXV. 


7o intoribe or describe a oirole t» or about a giiwi sgnare A B C D. 


Draw the dlsgonsls A C and B D, Intersecting 
in E. From B draw E P perpendicular 
to A D. From E as centre, with £ F 
as radios, draw a circle which will 
bo inscribed in the square; also from £ 
as centre, lei/A E 0 or radius, draw a 
circle which will bo ddcri&ed about the 
square. 
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PROBLEM LXVL 
Tu intcriie a oirole in a givm rhonibut A B 0 D. 

Drair tlio diapiiuds A C ind B D, Intcijcctlug 
lo E. From E draw E F perpendicular 
to A D from centre £, wUti redtui 
£ F, describe the circle F G H; Uicn 

F a H Is the required circle isscrihed 
in the given rhombus. 



PBOBLEM LSVH, 


To trwcri&e a circle t/t a trapezium 

idjacent pairt of sidet egiidl. 


A 11 C I>, nhioh 


has 


Bisect any t^ro of its adjacent angles, as A B C 
and B C U, by lines meeting In £. From 
E draw E F perpendicular to one oi 
the sides. Then the polut E Will be 
the centre, and £ F the radios Of thO 
required circle. Describe It. 



PROBLEM LXVnX 

To inscribe a square in a given triangle ABC. 

From A draw A D perpendicular to B C 
and A E perpendicular to A D and 
equal to It. Draw the line E B, cut¬ 
ting A C In P. Through P, draw F G 
pumllcl to B Cl, and through F and 0 
draw the line* P K and G U parallel lo 
AD; then 

F O H E is thi) fiquiLre required. 
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PROBLEMS T.TTT. and LXX. 

Til ituoribe or deiorxbe a square in or about a given drole. 


Prolj. LXIX.—ro imeribt a square in a elreU. 

2>n»r any two diameters, A B and C D, at 
right angles to each other (Prob. ZLIU.) 
Join the ends ol these diameters; then 

A C B D is tho square requizod. In- 
sorlbod In the cirolo. 

Prob. LXX.—Jo describe m square about a 
drele. 

At the points A, B, C. and B, draw tnnRcnts, 
meeting in £, G, U, and F, (P. XLTIl): 
then 



£ Q H F !■ the square requlredi dosorlhed about the olrole. 


PROBLEM LXXL 

To inscribe a square its a given rhombus A B C D. 

Draw the diagonals A C and B D, Intersecting 
In B. Bisect the angles A E D and A B B 
by lines produced &ich way, to cat the 
sides of the rhombus In K, F, G. and 
B. Join F Ik, £ U, li G, and G F; 
then 

F £ H G is the required square, inscrlbod tc the fflven rhombus. 



PROBLEM LXXn. 


7b inscribe a square in a given trapezium A B 0 D which has 
its adjacent pairs of sides equal. 


Draw the diagonals A C and D D. From 
A draw A B perpcndlcolor to A C, 
und cqtiol to It. Draw line E D cut¬ 
ting A B In F. From F draw F G 
parallel to A C; and through F and 
O draw F K and O 11 parallel to B p. 
Join K H; then 

F O H E la the required square, in- 
porlbod in the B^lven trapesium. 
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PHOBLEM LXXm. 


lb iiucriie a sqUEire in a givm hexagon A B 0 D B F. 

A 


Draw tlis diagonal A D t bls^ It in O* 
ud draw the diameter O H perpendlenlar 
toiL BlBficttbeadjaccDtaDglcaOOAtODb 
A 0 H, bj lines prodneed to ent tbo aides ot 
the hexagon la 1, a ySt i. Join thuo 
points; then 

1 a 3 4 U the roqnired sqaare. 



PEOBLBM LXXIV. 


lb intoriie an oBlong in a given triangle ABO, having a ride 
equal to a given line 1) E. 


On A C set off A F equal to D E, Throagh I* 
dmir F O parallel to A B, and throngh Q 
drawO 11 parallel to AC. From Oand H, 
draw G L and H K, perpendlenlar to the 
base; then 

B E L G is the reciTiired ohlong. in¬ 
scribed in the given triangle, ABO. 



PBOBLEM LXXV. 

To imeribe an equilateral triangle in a given tguaro A B O D, 


From B, with A B as railliu, describe tbo 
qaadrant A C. From A and C, with soma 
ndins, ent off A F and C Z. Bisect A E 
and C F. and throngh the points of bi¬ 
section draw lines B O and B H, Getting 
the sides of the sqoare in O and H. Draw 
lineO II; then 

O B H is the eqcllstaral triangle 
required. Insorlbed in the given 
square. 
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PROBLEM LXXVL 

To inscrite an Isosoeles triangle in a square BODE, hamnij 
a base equal to a given line A. 


-Draw tho diagonal B D. From B cat off 
B H cqnol to ball the line A. Tbrongb 
H draw Une F G pcrpcndlcolor to 
B D cnttlQg the eliles of the squoio 
in F and G. Join D F and D O; 
then 

D G F Is the isosceles triangle 
required. 



PROBLEMS LXXVn AND LXXVIIL 
Ib insariie or deseribe an equilateral triangle, in or about a 
given circle B D E. 

PrOb. LXXVII.—To i»wert6e an equilateral 
angle lA the einle B D £. 

Find the centro A, and draw any diameter 
B C. From C as centre, uith C A a* 
radiue, cat the cdnile in D and E. Join 
£ B, B D, and D E; then 
B D E is the required equilateral tri¬ 
angle, insorlbed in the circle BD E. 

Prob« LXXVm.—Fo dejcrtite on equilateral triangle about the circle B D E. 
At B, D, and £ draw tangents (P. XLVIL) meeting in F, G, and H; then 
F G H Is tho required equilateral triangle, described about the 
circle B D E.__ 



PROBLEM LXXEX. 

To detoribe an equilateral triangle ahaut a given square XJi CIX 
From points A and D, vUh A B oi rodiia, 
describo arcs cutting In O. From G as 
centre, with same radian cut these arcs In 
A and F. Join A E and D F, and produce 
them to meet in n. Produce B C until It 
cuts the lines n E and H F produced in 
I andK; then 

B I S Is tho required equilateral 
triangle described about the square 
ABGB. 
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PEOBLEM LXXX 


To inscrile a fmr-tidei ^uilatereil figure in any parallelo- 
yratn A B C O. 

Dran* the dlagoaoU A C, B D, and bisect any 
two of the adjacent angles bj lines cutting 
the sides of the parallelogram in £, G. F, 

U. Join these points; then 

E Cr F H Is tho quadrilateral figuro^ ^ 

, required, insorlhed in the given parallelogram. 



N.B.—U It is reqalicd that tho Inscribed dguro shoald touch the parallelogram 
3f any given point as at O, draw a Uno liom G through the centre, and another 
liameter at right nDgtca,to It Tho points where these linos tonch the pamUelograin 
will be the angular points for tho inscribed ilgture required. 


. PKOBLEM LXXXL 

To inscribe an octagon in a given sguare A B C D, 


Draw the diagonals A C and B B, Inter¬ 
secting In 0, and from each of the angles 
of the square, with A 0 os radios, cut 
off tho S points as inarhcd. Join these 
points; then 

i234S678is tho required octagon 
inscribed, in the given square 
A B C D. 


PROBLEM 


Ta imcribe four eq.ual circles in a given square A B C 1) 
touching each other and one tide only of the square. 


Draw diagonals A G and B D which will 
divide the square into the four equal 
triangles A 0 D, A 0 B, B 0 C, and C O B. 
In each triangle Inscribe a circle by Trob- 
lem LXill, touching the sides of the squaxa 
In H, 0, £, and F; then 

the four circles required are inscribed 
in the square A B 0 D. 
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PROBLEM LXSXm. 

To inscribe four e^iual circles a given square A B C D, 
raoh circle touching two of its sides* 

Bisect any two sides as A B nad A D In S nod 
G. and draw the dinmctera E P and O H. 

The given square Is now divided into (our 
eqnal squares. In each of these squares 
inscribe a circle by Problem LXV., and 
the 

fotir cirolos required will be ineoribed 
in tbe given square. 

PROBLEM LXXXIV. \ 

In a given cquilatn'al triangle A B C, fo inscribe three equal 
circles touching each other and one side of the triangle. 

Bisect each side of tbe triangle and draw g 

the lines D B, E C, and F A. Bisect tbe 
angle F A C by a lino cutting B D In B. 

From E and F cut oft E L and F K equal 
toDII: then 

Et E. and Loro tbo oentresof tbe throe 
olroles required, of which H D Is 
the radius. 

K.B. —Six equal circles can bo Inscribed In this 

triangle If we draw lines parallel to the a 0 r 

sides of the trianglo through H, L, and K. The three angular points of thr 
equilateral trianglo thus mode, will be tbo centres for tbo other three circles. 

PROBLEM LXXXV. 

In a given equilateral triangle A B C, to inscribe tlirCC Cqual 
olroles touching each other and tno sides of the triangle. 

As in Problem LXXXIV., bisect the sides of 
the triangle and draw the lines D B, 

E C, and F A; but bisect tbe angle 
ABB (Instead of F A C) by s lino 
cutting A F In IL rrom H draw H N 
perpendicular to A C, and from B nud C« 
cut oil B R and C L equal to A H; then 

H, L, and K are tbe oentres of tbe 
t^ee olroles required, of whiob 
H N Is the ratTNs. 
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PROBLEM LXXXVL 

To intorihe any nnmber of eq,ual oiroles in x given eirclr. 

Taike for example. 5, 

GENERAL METHOD. 
niTldetliccIreamfereiice o( the oirclo Into os 
monj eqool dlrlsioos tis tfac nnmber of 
circles rcqalrcd, (in this cose 5,) os 3,3,3, 

4, 5. Find the centre O, and draw tbs 
radU03,02,0S,04.and05. Ineachnf 
these 5 sectors, a circle is to be Inscribed. 

BUcct either sector os 8 0 4, bj mdins 
0 A, and draw a Tangent at A (P. V.) 
catting 0 8 and 0 4 produced in B and C. 

Find B the centre of this trlangle,(P. L2U1T) 
tnd inscribe a circle in it From 0 os 
centre, with 0 D os radius, describe n circle, hfark off on this circle from U 
the centres for the four other circles as a, o, a, a, and inscribe them. 



PROBLEM LXXXVIL 

In a given oirole A B C D to inaorlbe four equal oirclea. 

Draw the diameters A C and B B cnttfng 
each other at right angles (Problem 1.) 

Bmw tangents at A, B, C, and B, meeting 
inF,G,H.anaK(P.LXVIL) JolnPHand 
G E. Bisect tbo angle G K H by line cut« 
tlngBDinM. From C, B, and A cut off 
C 2«,B 0, and A L, eqonl to B hf; then 

Mf K, O, and It are the centres of the 
four circles required, of which B £t 
is the radlns. 


PROBLEM LXXXTIII. 
lo iTueriie four eq.ual ciroletd i/i a 
fivm octagon. 


Draw any two dlogonalf at right angles to 
each other os A B and C B intcrsectinff 
in the centre 0. The octagon is now 
dirlded into fov equal trapezU; find the 
centre of each trapezlom and Inscribe a 
circle (P. LXVn.) 
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PROBLEM LXXXIX 

To detcribo six eciual oiroles dbovtt and eg^ual to a given oirole, 
touohing each other and the given eirole, 

Fzx)zn the centre A of the glTcn drcle, and 
with Its diameter os radios, describe the 
circle 1.2,3, 4, 6, 0. Draw the diameter 
1 A 4, and from 1 with the radios of the 
given circle describe a circle toochlng It. 

Hark off the other centres 2, 3, 4, 5, 6. 

From these points, with the radios of the 
given circle, describe the remaining cir¬ 
cles, which will touch each other and the 
given circle. 

Note.—To Inscribe these circles In another circle is a simple deduction from this. 


QUESTIONS AND EXERCISES. 

1.—In and about any given triangle inscribe and describe a circle. 

5. —In any given circle inscribe a square. 

3. —Inscribe in any given circle a triangle that shall cut o£E equal 
segments. 

4. —Id a given drcle, 2* in diameter, inscribe seven equal circles, 
■ix of which shall touch the given circle and a central one. (See 
^teblcm LXX.XiX.) 

6. —In any scoleuo triangle whose base is 2 inches inscribe an 
oblong whose base is inch. 

6. —About any given square describe a triangle whose sides are equal, 

7. —In any given square sufficiently large inscribe a triangle 
having its two sides equal and its base 1 inch long. 

8. —In any hezagon inscribe a square. 

U.—In any octagon inscribe four equal circles. 

10. —In any given circle inscribe 3, 6, and 7 equal circles. 

11. —In any equilateral triangle inscribe 6 equal circles. (Refer 
to Problem X.XXXIV., in which the method is described.) 

12. —In any given square inscribe a regular polygon that shall 
cut oil four equal comers of the square. 




SECTION VIIL 


FOILED FIGURES. 


PBOBLEM XO. 


lb WMtruct a foiled figure about any regular polygon Ttaving 
tangential arcs. Say a hexagon A B 0 D E F. 

THE HEXA-FOIL. 


Blieet ooe ride A F In 0. From each of 
tbe nn^Iar points, A, B, C, D, E, T, 
with radios A 0, dcscrlbo tbo arcs si 
lllostrstcd In drawing. 

2T.B.—These area are tangential heeanse 
tbej do not cut each other, and thos 
they differ from the arcs in the (oiled 
flgTvre591,02,and93,whIehareaottan* 
gcntlal, hot Mtc adjacent dlametcra. 

If the foiled lignre is to have a given 
radios, constroct ttie polygon baying 
Bides equal to twice that radios. 



KJS.—Tbe Oothlofr«>/a<f* 9 tfafre-/oUiand are constmeted on this metlioA 


PROBLEM XCI. 

THE TRE-FOIL. 

7b inseribe, nithin a given eguilateral triangle^ threo equal 
semioiroles, having their adgaeent diameters equal. 

Bisect the angles of the triangle by lines 
B C, F £, and B A, and Inscribe the trl* 
angle A E C. On A E describe tbo semi¬ 
circle 1, 2, toocblng tbe sides of tbe 
trlonglA Throngb 1 and 2 draw parallels 
to A C and E C meeting C D in 6, and 
entting A B and £ F In 8 and A Join 3 
and i; then 

the Hides 3 4, 8 6, and 4 5 are the ad> ^ c V 

Jocent diameters of the Eemloiroles—complete them 
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PROBLEM XCn. 


To imorxbe, nitMn a given circle^ three e^ual eomiclrcles 
\aving adjacent diametert. 


Find centre A <P. 48.) Draw nn^ diameter 
0 D, and tbo radius A B perpendlcalar to 
It. Trisect tbo arc B C in E and K. 

On the other side of B ont off B Q equal to 
n E. Draw the diametora G M and E K. 
Join F O, cutting the diameter E N in B. 
From centre A, with distance A H, cut off 
E and L on the dlamctcn M Q and D C. 
Join H, K,andL; then 

S E, K L, and L H ore the adjacent 
diameters of the three aexxilolrolea 
--doaorlhe thenx. 



PROBLEM XOnX 


THE QUATRB-FOIL. 


Tt itueriie four eqnal aemloiroloa in a given ignnre hnnng 
adjacent diameteri. 


I>raw the diagonals A B and C D« and the 
central diameters F and 0. Bisect O C 
In H, and from B cot off B K equal to 
O H. Join E n, bjr a line cutting the 
diameter G in 1. Set off dlHtnnce G I 
from each extremity of the diameters as 
3,8,4. Join the points 1, 3,3,4; then 

the linos thus drawn are the adjacent 
diomotors of tho fonr somiolrolos— 
describe them. 



N.B .—fgures of different kinds are commonly nsed in 
window tracery of Gothic Architecture. The tre»foil has three lobes 
like the cloycr leaf, the quatre-foil four lobes, the cingue^foil five 
lobes, the hexa-foil six lobes, &c. 
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PROBLEM XOIV.—GENERAL METHOD. 

THE CINQUE-FOIL. 

® interibe nithin a given oirole any number of egual eemioircla 
'lavivg adjacent diameterey tay 6. 

DlTldo the circoinfeicnce of tlio circle Into 
as moa^r ^4^ parts os the nimibcr of 
semicircles required, In this case five, 
and from each of theso points draw 
diameters. At any point, as C, draw 
a tnngcnt A C B and hi5cct the angle 
O G B by line C X, which caL<( tue 
diameter In X. On each alternate 
senil-dlumcicr set oft the distance 
0 X (ram 0, Join the points marked 
X and Uie lines obtained will bo the 
adjacent diameters of the required 
semicircles. The points of Intersection of these diameters, with the diame¬ 
ters o( tho drele. will give the centres of the Bcmiclrdcs required which 
con now he described 

The following figure illustrates a common application of the 
Tre-foil and Quatre-foil in ornamenting Gothic windows. 



QUESTIONS AND EXERCISES. 

L Construct a irt-JoHy <piaXrt-foi\, and haring tangential arcs, tha 

radios of which Is | Inch. 

2. Dcscrlbo a tre-foil, quatre-foil, and einque-foU, haring adjacent dlametera of 
I Inch. 

S. Describe a drcIe haring a radios of 1} Inch, and In it Inscribe a trefoil baring 
adboent diameters. 




SECTION IX. 


THE ELLIPSE. 



The base of a cone is a circle, and if a slice be cat from a cone 
parallel to the base, the base of the portion cut off would also be a 
circle. The portion remaining is colled a Trunoated, Conet or 
ifYustruvi. 

The EUipse.^If a cone be cut o£E by an oblique plane the ebapo 
of the section is an Ellipse, v&body Fig. 1. An Ellipse has two 
ancqnal diameters or axes which bisect each other at right angles. 
The long diameter, os a, is called the Trannerze diametert and the 
short diameter, the Conjugate diameter. 

Parabola.—If a cone be cut ofiE by a plane which is parallel to 
the sloping edge of the cone, the shape of the section is a Parabola, 
taah e. Fig. 2. 

H 3 rperhola.—If a cone bo cut o£E by a piano which is perpendio 
alar to the hose, that is, parallel to its axis, the shape of the section 
so cut is on Hyperbola, oaab o, Fig. 3. 

The Oval.—An oval diEers from on ellipse by being egg^tha^edg 
that is, one of the ends is larger than the other. 
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PKOBLEM XCV. 

To describe an ellipse by means of intersecting lines, the trans¬ 
verse and conjugate diameters, A B and D B being gitcn, 

FIRST METHOD. 


X> 



let A B nnd I> E be the tranvcne asd conjtigete dlemeten. Throagb A nnd 
E druTT lloea pantile] to 1> £, and through D and E draw llocs parallel 
to A E, all meeting In T, H, G, E. Diride A F and Q It into any snniber 
oi eqnal parts, say 4. and diTlde A C and C B Into the same number of 
equal parts. Join D and tho points 1» 2, 3, in A F and SO; and join 
£ and the points 1,2, 3, In A C and B C, and produce the lines to ent those 
drawn from D. The points of Intersection, as shown In the ngnre. will be 
the true points for the enrre of one-hnlf Of the ellipse. In a similar 
manner And points for the other half, 

PEOBLBM XCn. 

To describe an ellipse by means of intersecting arcSg the trans¬ 
verse and conjugate diameterSy 0 D and A B being given. 

SECOND METHOD.—(THE FOCI.) 

Let tho diameters bisect each other In O. at 
right angles. From A or B, with C G as 
radios, cut C B In E and F. 

These points are the Foci ^ 
of the Ellipse. 

Birlde G E and G F, the distances between 
the Foci and the eentre. Into any nnmber 
of parts as 1,2,8, d, S; tb^r may be eqnal. 



ELLIPSES. 
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but it will bo better If tho dtstancca decrease os tbey approach the Fod. 
From £ and F vrith tho radius D fi and C S, D 4 and C 4, D 3 and C 3, D 3 
and C L> I uud C1, describe arcs lutcrscctlog on each side of the dlametei 
A. 1) In a, b, e, d, and e. Through the points ot Intersection draw tho curve 
of the ellipse by hand. 

Note.~This idcthod la a bettor one than tho first method, Prob. XCV. 


PROBLEM XeVIL 

7r> construct an ellipse loith arcs of oiroleSt the diameters A B 
and C D heing given. 

THIRD. METHOD. 

Let the c1lnr.;ctcra A B and C I> bisect each 
Other in K at rlcht angles. From C, with 
A B 09 radius, marK the point F. Divide 
the distance F D into three equal parts. 

From £,\rltb two of these parts as radius, 
cut line C D In H and O. From H and O, 

With II G os radius, describe arcs intor> 

BCi'ting In K nod L. From K and L, wUh 
radius KB, describe oixs O Fund M K, 
and from II .and G, with 11 D as radius, describe arcs K P and hC O to com* 
plcte the I '.liiisc. Lines drawn irom.K and L through Q and H will show 
where the four arcs unite. 

Note.—If required to inscribt on r/fipte fn a pioen rechinyfe. bisect two of the 
niljaivni .>>iacs and draw parallels lor the two diameters of the cUlpsc; then proceed 
In Fri>b. XCV. 

PROBLEM Xevni. 

To find the centre and axes of an elUjJsc. 

Draw any two paruUel chords A and B and 
bisect tliom In C and D. Drawadlomctcr 
K F lUrough D and 0 and bisect it Is 

G, then 

G is tho -oentro of the ellipso. 

From O, vUh G £ at raJiur, mark the point 

H. Join £ n and H F; through O draw 
I K and L M parallel to E II and F H; then 

L M and IK are tho axes roquixod, or the Tronsrerso and GonjngraU 
dinmotors. 
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PROBLEM XCIX. 

To coiflphte an ellipse from a mall aro, 

(A deduction from the lost Problem.) 

Sometimes a small portion of the enrvo of on ellipse Is siven and tbe candidate 
is required to complete the ellipse. Of coarse the flrat thing bo has to do Is 
to And the transrcrac and conjugate diameters, bj means of Prob. XCTIII.« 
bnt It may n happen that tbeoro Is not largo enoagh for the lino E F, which 
posses tbrongh the centre, to toach It tn two places. Howtben Isthecentre 
to be found? In this manner. Draw another pair of parallel chords and 
bisect them, joining the points of bisection and producing the line till It 
meets the former lino £ F, which will bo tbe centre at the point Q. 
BaTlog (onnd tbe centre, the axes are obtained ns In Prob. XCVlI£,and tlit 
ellipse may be developed os In Prob. XC7. or XCVL. 


PROBLEM 0. 

To dram a tangent to the etirve of an ellipse at a given point 
ef contact A. 

Draw the transverse diameter B C and And 
tbe foci D and £ (Problem XCVI.) 

From these points draw lines D A and 
E A and prodoce D A to F. Bisect 
the external angle E A F by the lino 
C A; then 

0 A produced is the tangent re> 
qnlrod. 

PROBLEM Cl. 

To dram a perpendlonlar to the curve of an ellipse frotn a 
given point A. 

Praw the transverse axis, and And the foci 
B and C (P. ZCVL) Draw lines B A, 

C A, and produce them making the 
angle DAE. Bisect this angle by line 
AF; then 

A F is the psrpendlonlar required. 
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pnoBXEM on. 

Tc (fi-.irc nn oval iy arct of circles. 



Cpen S07 ftmiRbt l!na A n describe n eemfetrolo C T) E. cqnal la diameter to the 
oval reqalred. From C and E, with the radliu of the aemlelrde, mark off 
A and B. From A and B, with radios A E, describe tbo arcs E O and C F. 
From A or n draw a straight line catting the tnnrrerse diameter In H. and 
toocblng the opposite aro in G orP. From centre IT. with radius J1 F,de> 
serlbo the arc F G. which completes the oval. 

■ Noth.—The oval moy be made longer or shorter by increasing or dlminlshtag 
the tnnsTcrse diameter. 


PROBLEM Cin. 

Tp eonstruot a common Spiral; A B being tlie diameter. 



Take C as the eye of the spiral; from centre Cwlih any rnrtlns describe the 
lemlelrle D <s E. From centre B with B K os radius describe semicircles, 
catting A B In F. Again from C as centre, with C F as radlns. describe the 
semicircle &, and so on the spinil may consist of any namber of semicircles 
described alternately from C and D as centres. 
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PROBLEil 017. 

To coMtruct the Spiral, kMwu at the Ionic Volute. 



I> r 0 be the centre of the diameter of the Volute. On one-fourth 
of the radiuB from O describe a circle which is called the eye of 
the Volute. Inscribe a square in this circle whose diameters axe 
vertical. Divide each of these diameters into six equal parts, 
and number the divisions as marked in S, a larger representa¬ 
tion of the eye. The Volute is now to be constructed by twelve 
consecutive arcs, of which these twelve poiuts in their numerical 
order arc the consecutive centres. The first aro, A B, is jdc- 
scribed from the centre 1 to the line 1 2 produced. The second 
arc, B 0, from the centre 2 to the line 2 3 produced. The 
tliird oro, from the centre 3 to the line 3 4 produced, and so 
on describe arcs from each of the consecutive centres until the 
Volute is completed. (See the Ionic column on page 66.) 
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REMARKS ON APPLICATION. 

To giro the pupil on interest in Practical Geometry, the teachei 
should coDStautly bring before bis notice the different uses to which 
the various constructions can be applied* These are so numerous 
that we cannot admire the furniture that ornaments our rooms, or 
the buildings that decorate our streets, without detecting many 
familiar applications. The following are n few illustrations:— 

7b find the Joints o/theAxcih Stones^a Circular Aroh having 
a givempan A'Q, 



PiBST.—If the aTob be a semicircle. 

Ou A U eonstraet the semtclrclo A D B, and divide it Into ai manjr eqoal parts 
as the namberof arch stones repaired. From C,tho centre of the ore AD 0, 
draw radii passing throngh these divisions; these will giro the direction of 
the Joints as shown In the Illustration. 

Second.— If the perpendionlar height of the are be given. 

Bisect the span A B, and place the perpendicular height C D at right angles to 
It Through tbo tbreo points A, D, and B, draw an arc. Divide this aro 
as tbo number of stones require, and from tbo centre of the arc draw radii 
through tbo divisions, which will give the position of the Joints of the 
Stones. 
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Kifini the Joints (ftlu Aroli Stones of a Qothio Aroh haoins 


« given ^an A B. 


Trom A and B aa ceotrea, vdlli A B as radloa 
describe arcs cutting In C. Divide these 
arcs similarly as the niunber of stones re¬ 
quire. From A and B draw lines throngh 
these dlrlslona which will mark the joints 
of the arch Btooes required. 



To find the Joints of the Aroll Stones of an Elliptical Arch 


having a given epan A 5« 


Conitmct the seml-elllpse A E B, and divide 
the carve os the somber of stones require 
Find the fodi C and D. and at each Of the 
divisions erect perpendiculars os shown in 
the illostratlott. These perpcndlcnlara 
niark the joints of the arch stones re¬ 
quired. 



THE IONIC VOLUTE. 


The following figure illnstrates the application of the lonlo 
Volnte in ornamenting the Ionic pillar. (See Problem CIV.) 
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QUESTIONS AND EXERCISES. 

—Constract aa ellipse in three different ways, the transrerse and 
conjugate diameters A B and 0 D being given. 

2. —Complete the ellipse of which any curve A £ is an exact 
quarter. (^See ProhUm XCIX.) 

3. —Draw a tangent touching the curve of an ellipse at any giver, 
point A, and also a line perpendicular to the curve, from that point. 

4. —Draw a rectangle having sides of 3' and 2J', and in it inscribe 
on ellipse. 

5. —Draw the plan of an elliptical arch built of nine stones of equal 
base. The arch has for its span 4', and for its vertical height If'. 


SECTION X. 


SIMILAR FIGURES. 


Similar fignres have their angles equal, and their corro.spondinc 
titles proportional. 

All Equilateral Triangles, Squares, and Regular Polygons 
uf the same name, are similar. Other Quadrilateral Figures, Triangles, 
and Polygons can be constructed similur to given ones, by making 
their angles equal. 

The following ore general methods for inscribing and describing 
Similar Figures. 

PBOBLEM OV. 

To intorihe rvithin and eguidigtant from the sides of a given tri- 
angle A B 0, a similar triangle, one of whose sides is equal t* 
a given line K. 

Bisect the QDijIcs o! the triangles ABC 
hy lines meeting In K Make B Q 
cqxial to E. Through O draw the 
line O n parallel to B F. TbroogU 
n draw lines parallel to the sides of 
the given triangle cnttlng tho 
bisecting lines in I and E. Join 
IK; then 

I E H is a similar triangle In¬ 
scribed within ABO. 
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PROBLEM CVL 

1o daerxbe about and equidiitant from the xidee of a given triangle 
A B C, a similar triangle, one ofnhote sides is egual to a given 
Une D. (See figare CY.) 

Pndace th« Bide B 0 to L, making B L eqoAl to tbo line D. Through S. dra^r 
LilparaUel to the bisecting llnoB P, cutting P C produced In 51. Through 
M draw the line M N parallel to the side B C, cutUng F B produced In N. 
Through 51 and N draw the lines 510 and 51 0 parallel to the aides of the 
glren triangle ABC, meeting F A produced In 0; then 

N O M la ft similar triangle to A B 0, desorlbol alaont It. 


PROBLEM (JVIL 

7h eonsti'Moi ‘within a given square BODE, another sg.iiare 
toneenirie with it, and having Us side equal to a given Ivie A. 

Bisect the angles of the aonaro by the B 
diagonals B D and C E. On C D ent 
Oil U P equal to A Throngli P draw 
F .G parallel to C £, and through G 
draw Q il parallel to C B. Through 
H and 0 draw II I and O K parallel 
to B C. Join IK : then 

I H Q S is iho ooncontrlo square 
required. C 

It will be noticed that this method Is only a repetition of that used in Problem 
C7 for InKrlblng a similar ulauglc. and il a square la required to bo described 
about a giren square, make C I) produced equal to the required aide, and proceed 
inst as in Problem CYl. 



PROBLEM CVIIL 

To inscribe a similar hexagon haTing a side eqnal to a given line 
A'B within any giyen hexagon. 

The methods are exactly almllar to those employed in Problem C71I. 

Any almllar Polygon, haring a glren side, con bo Inscribed within, or described 
about a glren regular polygon In the same manner. 





BIMILAE FIGUBEB, 
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PROBLEM CIX. 

To detcriie a triangle ahmit a givon oirole, Hmilar to a giveo 
trianglo ABO. 

Produce one tide of the given triangle A G each 
way to D and E. Find the centre F of the 
given circle n 0 R (Prob. RLIII) and draw 
any radios F O. Draw another radios F H 
making with F O an angle H F G cqnal 
to the anglo B A 1>. Draw also another 
radios F K, making with F O an angle 
O F K cqonl to the angle BCE. Draw 
tangents at 11, O, K, meeting in U, and 
If (P. XLVir.) : then 

L SI N Is tho Similar trianglo reaped, dosorlbed about tho given 
;l;Ole H G BI. 

PROBLEM OX. 

Tfl ituerihe a triBngld in a oircle, timxlar to a given triangle 
ABO. 

Brow a tangent E 1) F at any point B In the 
circamfcrcnco (T. XLYtT). From I) draw 
the line D Q, making wlib ED an angle 
cqoal to the given angle BAG, and 
cutting tho circumference In O. From D 
draw also the line D H, making with 
F D an nnglo cqoal to the given angle 
A C B. and cutting the clrciunfcrenct 
tn 11. Join OH; then 

D G H Is the similar trianglo requlrod 
Insorlbod In tho givon oirole. 


PROBLEM CXI. 

To ovt off a iegment from a given circle nhich shall contain an 
ivgle equal to any given angle A. (See last Problem.) 

Any angle contained In the segment D H Q, Is cqnal to tho angle E D 0 tn<i 
therefore to Uie glvtn angle A. 

Note.—All angles In tho same segment are eqnal to each other, and thrreforr 
•ny angle drawn In the segment D H O will be equal to the angle D H G. 


B 

A 


A C 

EOF 
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PROBLEM CXIL 

To comtruct a triangle rimilar to a given triangle 0, and having 
its Perimeter egual to a given etraight line A B. 

Upon A B construct a triangle A D B, whose 
angles are equal to those ol the given 
triangle C. Bisect the angles A and B hj 
lines meeting In £. Through K draw lines 
£ F and £ 0 parallel to the sides D A and 
D B, meeting A B In F and O; then 

F E a is the reaulred similar triangle, 
h&Ting Its perimeter, or throe sides, 
equal to the given line A B. 


QUESTIONS AND EXERCISES. 

1.—Within an Octagon whose base is one inch, inscribe a similar 
coucentric Octagon whose base is half an inch. 

3.—^Abont a square garden whose side is two furlongs, there is a 
promenade whose breadth is half a furlong, their boundaries are 
limilar—draw a plan representing them. (^Saala two inoJtr^ to a 
furlong.') 

3. —^Abont a given Heptagon whose base is one inch, describe a 
nmilor Heptagon whose base is two inches* 

4. —The base of a scalene triangle is i', its angles arc respcctiTely 
40®, 60* and 80®, describe a similar triangle the base of which is 1'. 

5. *—In any given circle inscribe a triangle having angles of 20®, 7^* 
and 90®, respectively. 

6. —About a given circle describe a triangle having angles of 100®, 
60® and 20®, respectively. 

7. —From a circle, whose ladins is If', cut off a segment which 
shall contain an angle of 50®, iSce Problem CXI,) 




SECTION XL 


PROPORTIONAL LINES, 


ILLTJSTBATION.—2 U to i, to U 6 to 12. 

In this illustration the relationship or ratio that exists between 
the first two numbers is the some as that which exists between the 
last two, 2 being one half of 4, and 6 one half of 12; therefi>Te, 
these four numbers arc said to bo in Proportion and the last term 
is called the 

Fourth Proportional. 

Ihejlrtt aai/ourth tenni of a Proportion ore called Extremes; as 9 and 19. 

The Mcend and cAird tenoB of a Proportion ore called Moons; as 4 and 6. 

The prodnet of the Extremes equals the product of the Means, Off.— 
t X 12 = 4 X 6. 

CODsequontly If the product of the means he dlrldod h7 the flnt extreme we 

the other extremo or fourth proportional; o.g. 

4X6 

- — = 12 =; iho/ourih proportionate 

2 _ 

ILLUSTBATION,—3 : 6 : : 6 : 18. 

When the two means arc the same number, as in this illustrotion, 
the lost term as 18 is called the 

Third Proportional, 

that is, of the three numbers employed, the third number is as much 
greater or less than the second as the second is greater or less than 
the first. 

The middle term, 6, of these three numbers is called the 
Mean Proportional. 

Tho Viirdpr^pwtUmal Is foond hp dividing tho square of the second or mess 
proportlonalby tho first; e.g. 

6» 6X6 

-X or = 18 = fAd third proportionat 

2 ' 2 

The mean proportional between any two numbers is found by 
extracting the square root of their product; e.g. 

2 X 18 = 36 {the square root of 36 = 6 s^'the meanproportiimat 
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Let ns now apply tliese truths to Geometry and see how lines and 
inifaces are proportionally divided. 


PROBLEM exm 


To find a fisnrth proportional to three given linetf A, B, and 0 
lit —A fourth proportional lets. 


M«kd line 1) E equAl A, and from D draw 
line n F at anj angle, cqool to B. 
Join F E. From D E cat off D G 
eqaal to 0. Tbroagb O draw G H 
parallel to B F, catting B F In B; 
then 

1> H tf the fourth proportional less, t.e., 

D £: D F:: D a: D H, or 
A: B :: O: D H. or 
If A= 13fU,B8 ft,andO Clt., then B 
= 41L __ 



A' 

B 

C 


PROBLEM CXIV. 


iixAr^A fourth prtportional greater, 
Braw B G equal to 0, and B F at any 
angle equal to B. Join FQ and pro¬ 
duce B G to E, maXiag B £ equal to 
A Through E draw E H parallel to 
G F, to meet B F prodaced in H, then 
B H u the/ourthproporUonalffreaterti^, 

DG:DF::BE:DH. 



PROBLEM CXV. 

7b find a third proportional letroeen two given linee A and B. 
lit,—A third proportional lest. 

lUke line C B equal to A, and from 0 draw 
C E, at any angle equal to B. Join B E. 

From C cut off G F equal to C E. 

Through F draw line F G parallel to 
T> £ cutUng 0 £ in G; then 
0 Q it the third proportional required, i,e,i 
OD:0£::OEorOF:OG, or 
A: B :: B : 0 G; or 
if As 8ft., and B 6 ft., thenOOsdtt. 
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PROBLEM OXVL 


2iid.— A third, ^oportxonal greater. 
Draw lines 0 Q and C F at any angle equal to B 
andJL JolnFO. From centreC,wlthFO 
as radios, describe an are F E cntUog 0 O 
prodnced in E. Draw £ D poinnel to O F 
meeting 0 F prodnced in D; then 
CD if tAe third proportional greatert 
Oa:OF::aF:GD»or 
B:A::A:OD. 



Nota.—Thc pupil will remember this process better If ho notices that to get the 
third proportional less, the radius of the arc E F is the shorter of the two giren 
Unes, but to get the third proportional greater, It is the longer of the two glTcn 
Unea. 


PROBLEM CXVIL 

Ib find He mean proportional hetaeen tm given linei A P 
and 0 B. 

c 

Frodace A B to E. Make B E equal to C D. 

BUcet A E in F and describe the seraU 
circle A Q E. Erect B O perpendicular 
to A E catting the semicircle in Q. Then 
B O is tho mean or middle proportional ^ 
between AB and C D,that is it AB=9 ft. 
andCDss4£t.,thcnBa= 6ft. C_0 



PROBLEM UXVm. 


lb divide a itraight line A B into extreme and mean proportion: 


From B erect perpendicular B C equal In 
length to half of A B. Join A C. 
From C with radius 0 B describe on 
arc cutting A C In D. From A with 
radius A D describe an are cutting 
A D in E; then 

B E if eztrtme, and A'Zthe mean pro^ 
portion A B, i.e., 

EBtAE:: AEtoAB. 
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PROBLEM n XTX. 


lb divide any ttraight line A. 'Z in the peint 0, to that 


A G : 0 B : : 2 : 3. 

Ai A make the Une A F of lodeflnita 
les^h, and at any ansla. On A F 
mark off any 2 equal distances and 
from A 2 mark oS three similar 
distances to 6. Join 6 B. Through 
2 draw 2 C parallel to 6 B. Then A B 
Is dlTided into two parts, A C and 
C B, 60 that 

AO:OB: :3: s. 



PROBLEM CXX. 


To divide any ttraight line A B in the point C, to that the 
tvhole A B is fo one part A C os 6 : 3. 


At A make the line A P of Indcdnite 
length, and at any angle to A B. 
Take any 6 equal distances on A F 
aod join 6 B. At the point 3 draw a 
line 8 C parallel to 0 B. Then A B is 
divided In C, so that 

AB : AO :: 6 : 8. 

N0t8.'~A B la al&o divided, so that 
A C : C B s: 8 :2, also 
A B : C B :: 6 : 2. 



PROBLEM OXXI. 

To construct a triangle on a straight line A B, to that tlu three 
avgUt are in the proportion of 2 •. 3:4. 

From A. with any radios, deserlho 
an arc and divide it into 9 (2+ 

3 + 4 s 9) equal parts. Join 
SAanddA Then the three 
Angles, 2 A C, 6 A 2. and 6 A 9 
arc In the pmoortlon of 2; 8: 4 
They are ai^o equal to two 
right angles, and are therefore the angles of the required triangle, because the 
three angles o! any triangle ore together eqnal to two right aiialcs Throngb 
B draw the line B D parallel to A 2 until it meets A 8 produced In D. Then 
A B I) Is the required triangle, that Is, the angles 
ABD:BJ}A:0AB::3:S:4. 





EQUIVALENT ABEA9. 


QUESTIONS AND EXERCISES. 


1. —Draw three lines IJ', 2*, 2}' in length respectively, and find 
Ihcir fourth proportional. 

2. —Divide a line A B long, into its mean and extreme pro* 
portion, 

3. —Prod ncc a line A B, 2* long to point C, so that A B: B 0 :: 2 :5. 

4. —Find the length of A B the mean proportional bet%Ycen two 
lines li' and 3^' long. 

6.—The perimeter of a triangle is 3', construct it so that its sides 
arc in the proportion of 2, 8, and 4. 

6.—Construct a triangle on base A B 2^' long, so that the angles 
are in the proportion of 1,2, and 3. 


SECTION XII. 


EQTirvALiasrT areas. 


The pupil should carefully study the following explanations and 
illustrations, in order to anderstand the relation in. area beixveco 
the various kinds oiparalUlogramt and irianglet. 

Fig. I. Fig. 2. 

JD J7_a 

1 nf 

c :p 

FmsT.—Parallelograms standing on tho same or cqnal 
bases, and between the same parallels, are equal to one 
another. 

Tlicrefore by making their bases and altitudes equal the pupil can 
readily convert. 

(a) A tquare into an equivalent rhoniboidf and a rhomboid into 
an equivalent square or ohlong. 
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In this iUnstraUon the square A B P C equals the rhomboid E F O n, becan^e 
they stand upon cqoal bases, B t> and F G, and between the same parallels B O and A U. 

(() A rectangle can be conTerted into an equivalent rhomhoid, or 
a xbomboid into a rectangle. 

In the lost IllQstration Fig. 2, the nctangie A B C D equals the rhomboid 
B F 0 n, because they stand on equal bases, B C and F Q, and between the same 
parallels, B 0 and A H. 

Second.— Triangles standing npon the same or eq.ual 
bases, and between the same parallels, are equal to one 
another. 

Therefore by making their bases and altitudes cqaal, the pupil 
cmn convert a triangle of one shape into any equivalent triangle of 
another shape, c.g. 


Fig. 1. Fig. a. 



(a) A tcalene triangle can be converted into on equivalent 
isosceles trianglCi 

In Fig. 1 the Isosceles triangle E B C Is equal to the scalene triangle ABC. 

(P") An equilateral triangle can be-converted into on equivalent 
scalene triangle. 

In Fig. 2 the scalene tilsngle D E F Is equal to the equilateral triangle ABC. 
because they stand upon equal bases and between the same parallels. 

( 0 ) An acute angled triangle enn be converted into an equivalent 
right angled triangle._ 


Thibd.—I f a parallelogram and a triangle stand upon the 
same or equal bases, and between the same parallels, the 
triangle la half the parallelogram; also 
A triangle standing upon double the base of a parallelogram, and 
having the same vertical height, is equal to the parallclogriim ; also 
A triangle standing upon the same or equal base m u parallelo¬ 
gram, and having double its vertical height, is equal to tho 
parallelogram. Therefore— 
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Fig.L Fig. a. 

A. 



(a) A parallelogram can be drawn double a taianglc, and a 
triangle half a parallelogram. 

In Fig. 1 the par&Uelognun A B C D U donbid the trlanglo BBC. 

(&) A triangle can be drawn equal to a parallelogram, and a 
parallelogram equal to a triangle. 

In Fig. 2 tUe triangle A B C Is equal to tbe parallelogram D B C E, becoose U 
stands npon tbo same base, but has doable the yerticol height. 


PROBLEM eXXIL 

Tq construct an isosceles triangle on B 0 egval m area to tho 
yif«s triangle ABC. 

As we bavo seen before, tho yertlcal angle of 
an isoscetci triangle stands exactly over 
tho centro of tho haso; tbereforo bisect 
B C In D, and erect a perpcadlcolar B E of 
tho same Tcrtlcol height os Uiat of tho tri¬ 
angle ABC. Join E B and E C. Then 
tho isosceles triangle B E 0 = the given 
triangle ABC. 



PROBLEM CXXIIL 

To construct a parallelogram equal in area to a given triangle 
ABO, and having one of its angles equal to a given angle D» 

Oisoct tho base B C In E. At E mahe the 
angle C E F cqonl to tbo given angle D 
Through A draw A Q parallel to 0 0 
cutting E F In F, and through C draw 
C Q parallel to £ F cutting A O la 
O. Then the parallelogram F E C G Is equal 
to the given triangle ABC., and tt has 
Its angle F £ C equal to the given angle D. 
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PROBLEM OXXIV. 

2!) conitruot a qaadrilateral Jigurc equal in area to any pentagon 
A B 0 D E, or o triangle equal in area to a quadrilateral figure 
or pentagon. 

Join any two alternnto aosics A and D« 

Tbroagh E draw £ F parallel to A D 
meeting C D produced in F. Join 
A F. Then tbo triangle A F D li 
eqnal to the triangle A E D hccanso It 
Is on tbo somo base A D and between 
Ibe same parallcts A D ond E F, and 
therefore tbo quadrilateral A B C F is 
eqool to the pentagon ABODE. In 
the same manner mnVe the trlangio 
A O C equal totbctriangloAB C. Tlicn tbo wbolo triangle A Q F Is both 
equal to the quadrilateral A B C F and to the giren polygon A B C T> K. 

Noto.—Any polygon can thus bo reduced step by step to any dgure of the Millie 
area having a less number of sides. For tbo sake of further illustrating this method 
the next problem Is given. 

PROBLEM eXXV. 

To reduoo any rectilineal figure to an eqxixvalent ftguro having 
a lets nnmher of sidci. (,Say a hexagon to a triangle.'^ 



Ist-^oln F D, and through E draw E S parallel to F D, cutting C D produced In 
S. Join F Then tbo triangle F S D is equal to the triangle FED. and 
therefore the five sided figure A B C S F Is equal to the hexagon A B C D E F. 

Ind.—Join A C, and through B draw B X parallel A C, meeting C D produced la 
X Then the triangle A B C Is equal to the triongle A X C, and therefore 
the quadrilateral figure A X S F la equal to the figure A B 0 P. 

Brd.—Join A S, and through P draw F Y parallel to A S, meeting X S produced 
in T. Then the triangle AYS equals the triangle A F S, and therefore the 
trlnnglflAXY equals the quadrllatcml figure AXSF,or the pcut-agonal 
figure A B G S F, or the given hexagon A B C D E F- 
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QUESTIONS AND EXERCISES. 


1. Draw an equilateral triangle having a base of 3', and construct 
a rectangle equal to it in area. 

2. Coustriict a rhombus having a base of 3}' and two angles of 
45*’, and make A triangle of equal area having oq >2 angle of 70°. 

3. Make a riglit angled triangle on a base of 2} inches, and hav* 
ing a height of inches; and construct on isosceles triangle of 
equal area. 

4. Const riK't :i square having a base of 1^' and make a rhomboid 
of equal uroii, two of its angles being each 75°. 

6. Draw ii rhomboid on a base of 1^', and construct an isosceles 
triangle of cqinil area. 

6. CoDstnint n square having a hose of 3', and also a scalene 
triangle of equal iirco, one o£ the angles at the base being 30°. 


SECTION XIII. 


PROPORTIONAL & EQUIVALENT AREAS. 


The Pri'blvim in this Section arc based upon the principles oJ 
construction cuiit.niicd in Sections XI. ondXII. 

PROBLEM CXXVX 


To conttrui't n square equal in area to a given re<’tangle A B 0 D. 


Produc**' B C ;e ¥ inaklQg C F 
cqtiut '■ ( Ktiid 0 K Ih© 
tnpiiii to tbo 

iwn v )i 0 null C F, 
i- •• of Iho rc- 
qii r d Ml*] II . Da C K ile< 
(lic C K H E. 

TLpii 



tbo sQuare 0 E H E = the rectangle A B 0 O. 





80 


SCHOOL OF ART GEOMETRY. 


PROBLEM OXXVn. 

To oonttruet a rectangle <m a given iase A B egual in area U t 
given square C D E F. 

Thll Is Uie conTCzss of tbo 
lAst problem, aad It la 
quite erldeut that the side 
required to complete the 
rectoQgle on A B will d' 
bo the third proportional 
to the fildo A B and BE. 

Tlnd A G, this third proportional. At A erect the perpendicular A H equal 
to A G and complete the rectangle. Then 

the rectangle A H S B = the square 0 D S F. 






PBOBLBM OXXVIII. 

Jb cvMU'Uct a square eqiial in area 
to a given triangle ABC. 

lat. Convert the triangle into an equtra> 
lent rectangle JD B C £. 

2nd. Convert this rectangle B B C S 
Into an cqQlv&Icnt square C 0 1 n. 

(ProbCXXyi.) Then 

the square C GIH = the trlanglo 
ABO. 

PROBLEM CXXrX. 

To oonstniot a square that shall have an area of troo square 
inches (<w anyj other nuniber of square inches^ 

N.B.—This figure, os well as the next, is cub on a scale of half-an- 
inch to the inch. 

IsL Construct a rectangle A B C D 
of two square Inches, viz.a 
rectangle having jw* Inches for 
one side B C, and one Inch lor 
the other sido A B. 

2ad. Construct the square C E E O 
equal to the rectangle A B C B 
(Prob. exXVI.) Then 

the square 0 E F G = 3 square 
Inches. 


G 


r 

\ 

V 

F 

_ 

y 
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PROBLEM OXXX. 

A square w tquare inoKet in areot determine the length 
of it» tide. 

UL Coutniet a reetaaelo ABCS cod- 
talDlog 1) sqooro inches, tIz.:— a 
rectangle having one side 1§ Inches 
long and the other side I Inch long. 

*.’nd. Find C E the mean proportional to 
B C and C D. which is the side of a 
Kuorc containing squoro Inches. 



PROBLEM CXXXL 


Upon a given hate A B oonitruot a parallelogram equal in 
area to a given parallelogram D £ F Q. 


The height of the required 
parallelogram will he the 
fourth proportional to 
AB, EF, andBS. Find 
A C this foarth propor- 
tlonaL At A erect the 
perpendicular AII equal to A 0 and complete the parallelogram H A B I. Then 
the parallelogram B A BI s tho parallelogram D E F O. 


Note.—A parallelogram is egnal in area to a triangle of 
egnal base and twice the altitude. 


Therefore, &paraUelegram con be oonstrncted on any line cqnal in 
irca.to a given triangle, by first making a parallelogram on the base 
el the given triangle equal to that triangle, and then making a 
parallelogram on the given base equal to the parallelogram obtaiued. 


PROBLEM CXXXn. 

Ib contlruat a triangle on a given base D E nhioh teill be equal 


in area to a given triangle ABC. 


s 



Let A B C ho tho given triangle, an 
Ll' bll upon A 0 tho perpendicular B 



DC C 

D E tho hose of tho required triangle, 
r. Tho foarth proportional to the three 
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lines D E, A C, and B F will be tbe perpendicular height of the required triangle. 
Find I) H this fourth proportional, (Prob. CXIII) and erect it perpendicular to D E, as 
E 6, from any point Inthebosc, nndconstructtliotriangloBKB which will bo oqoal 
In area to tbc giren triangle ABC. 

NOTE.— the ptrjiendieular height E 0 had hten given inttead gf Vie bate L £, 
if if guUe eviaent that J) E mmt Aace been the/ourth proportional prirafer. 

Note.-D E : A G : ; B P : K G. 

' Compare this Problem with Problem CXXXL 


PROBLEM CXXXnL 


Ib construct an equilateral 
triangle ABC. 

Oa one of the sides of the given 
triangle os A B, construct an 
equilateral triangle ABB. 
Produce D B. one of the sides 
Of this cqoUatGral triangle, imd 
through C, the apex of the 
given triangle, draw a Hue C E 
parallel to the base A B, meet- 
lug D B prodneed in £. Then 
the mean proportional B F, be¬ 
tween B B and B £, Is the base 
•f the required equilateral trl« 
angle. Construct it. Then 


triangle egual i/t area to e 



the equilateral triangle B G F = the triangle A B QL 


SPECIAL EXERCISES. 

1. On a given base A B, 1* long, coostraet a parallslognun equal in area to a 
square, the base of which is ^ on inch loug. 

2. On a given base A B, | of an Inch long, construct a parallelogram equal in 
area to a trapezlmn, the four sides of which are 1", 1^', 2' and 2^* respectively. 

3. To cooAiruut on u ,uUaieral triangle equal in area to a square, the base oi 
which is 1*. 

4. On a given base A B, Ij' long, cousiruet a parallelognuu equal in area to a 
hexagoa, the sldM of which are ^ on Inch long. 

5. Comp.4tc the TMtangle on base, A B 2' loog, equal In area to a square, having 
a side of 1|*. 




SECTION XIY. 


THE RIGHT ANGLED TRIANGLE. 


In every right angled triangle the square of the side 
opposite the right angle is eqnal to the squares of the 
sides oontainlng the right angle. (Euclid, 47 Prob., Ist Book.) 


In tlio adjoining triangle tbo square described on A C Is equal 
In area to the squares described upon A U and 11 C.| 
that Is A O’* = A + B C“, 



PROBLEM CXXXIV. 


(instruct a sq.Tiare equal in area to tica given squares A and B. 


Make the hoses of these squares 
the tildes, C D and D B 
contalnlog the right angle 
C B £. Join C £. Then 
the square dcserlbcd on Q 
£ Is equal to tbo squares 
described on C D and D £, 
or to the tTTO squares A and 
B. On C £ construct a 

square C O F E. Then 




tbo square C G- F E = tbo squares A and B. 


Note.—In the same manner wo may construct a >quaro equal In area to any 
number of sqiuires, by drstcoustructlng a square equal in area to two Of the squurcjs 
nod then constructing a square equal In iirca to the one so found, and the next 
square, and so on lor any number of squares. 


PROBLEM C XXX V. 

To make a square equal in area to the difference between tin 
areas of any ttvo squares A and B, 

This Problem depends on tho principle just explained. In Problem CXXXIV 
we found that C E* = C D» + D E», therefore 01)=* = C E» + I) E». and 
also D E* = C E* + C D®} hence tho pupil can work Exercise, and 
Nos. 4, an<l 6, glvcu In the Exercises on page 8d, 
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(See illnstnition Piob, CJXXXIV.) 

>fOTE,—The areas of similar shaped figures are In the 
some proportion as the squares on their similar sides* 
(SeeEuclid Book VI.) Hence 

1*L—If the lines C D and D E represent the basa of fi» timilar trianglu the 
line C E represents the base ol ft almllar triangle, cqnol in area to the areas 
of the other ttro. 

*nd.—II the lines C D and D B represent the diameters or radii of tVBO cirdu^ 
then the line C B represents the diameter or radius of a circle equal In area 
to the areas of the other ttro. 

8 rd.—I! the lines C D and D B represent the diameters or radii of circles con¬ 
taining tveo timilar polygont, or the bases o( two Btmllar polygons, then the 
line C E represents the diameter or radios of a circle containing a similar 
polygon, or the base of o similar polygon, equal In area to the areas of tho 
other two. __ 

Application to Triangles, Circles, and Polygons. 

PROBLEM OXXXVL 

Tv ctmsiruct a tridngle similar to the triangle ABO hut of 
*K\re its area. (Ratio 2:1.) JP 

Let fall B D perpendlcalnr to B C and equal to 
It. JoId D C. Then the square on D C Is 
cqital to the squares on B C and B D, that is 
double the square on BC. Produce CB to E 
making C £ equal to C B, theu the square 
on C E would be double the square bn ^ 

B C. From E draw E F parallel to B A to 
mcetC AproducedinF. Then the triangle 
E F C is similar to A B C but double Its 
area. 


Note.—In tho same manner a quadranglt, eltvle, or polygon ho described 

Sinai to two, three, or any other number of times a given qimdranglc, circle, ot 
polygon, which the pupil should now construct for himself. 

PROBLEM CXXXVir, 

To construct a q.uadrilateral, or any other figure, the 
area of which shall be one-third (or any other proportion) 
of a similar figure. 

Ist .—construct a parallelogram having one-third of the 
trea of a given parallelogram^ A B C D. (Ratio 1 : 3) 
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l. Dl7lde B C into 8 cqnal part3 and prodnco It 
to £, making C £ eqoal to one of these 
parts. 

3. Kind 0 F the mean proportional between 
BCondCE. Then C FIs the length of tho 
hose of the parallelogram required. 

8 . From C mark off C O equal to C F. Join 
A 0 and draw O B and H1 parallels to 0 D 
and B C: tben 

the par&lldlogram IOGH = iABOD. 



Notd.—If concentric centns are required And OF and then spplj the principle* 
of construction cmplo/cd In Proh C'N'II* 


PROBLEM CXXXVm. 

2Dd.— 7b oonstruot a triangle OM-fi/th the area of a given 


triangle ABC. 

Prodnee B C to D making C D eqoal to 
I of B C. Find G F tho mean propor¬ 
tional to B C and C D, which is tho 
length of tho baso of tho required 

triangle. Make B O equal to C F, and 
from O draw O H parallel to A C. 
Then the area of the triangle II B Q la 
ooo-flfth of tho area of ABC: <4. 
HBG = iABO 



PROBLEM CXXXIX. 


3rd.—To construct a oirole tmftkirds the area of a given circle. 


Draw tho radius A B and divide 
it into (breo equal parto. 
1‘rodaeo it to C. making 
B C equal to two of these 
divisions. Find B D tho 
mean proportional be¬ 
tween A B and B 0. 
Which is the radius of 
the required circle. From- 
centre fi, with distance B 
B, describe the Inner cir¬ 
cle, tho area enclosed by 
which will be tvo^thirds 
that of the area enclosed 
by the outer circle. 
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PROBLEM CXL. 


4 th.—7b confintGt a polygon equal in area to three-fourthi o’’ 
that of a given polygon, (la thU case apcntagon) ABODE. 


niTtde the base G D loto four equal 
part.* and prodace it to F, znakinR 
1) F equal to three of these parts. 
Find D 6 the mean proportional 
to C 1> ond n F. Then D O is 
the b.vc of the required figure. 
From C mark off C n equal to 
I) G. Join A C and £ C and 
from II draw a series of parallels, 
as shown In the diagram to com¬ 
plete the required figure. Then 
the smaller Pentagon equals 
I of the larger Pentagon ABODE. 



Note.—The pnpll may be o.«ked to construct a tiuare, triangte, polygon or 
eircU, any number of times grenlor than a given square, triangle, polygon or circle. 
If 80 the required base or diameter may bo found by producing the base of the giveo 
Kuare, triangle or polygon, or the diameter of the given circle, fifo, three, or the 
required number oi times greater, and then finding os In the last 4 problcma the 
mean proportion. {Ste aUo Problem Pxxx vi and tU note.) 


THE CIRCLE AND ITS EQUIVALENT TRI¬ 
ANGLES AND QUADRILATERALS. 

The area of a circle is equal to that of a rectangle 
whose longest sides ere equal to half the ciroamferenoe, 
and shortest sides to the radius of the oirole. 
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Proof.*~l)WIdo the gtrcn circle, ai'ln the eboTO flltiiitmtlOTi, Into tn; 
namber of cqaal trlnngles, saj 16. Conslrnct a trlaDglo ABC equal to oao of 
theae triangles, and prodneo the side A C to D, making the disUnco A D equal 
to eight times AC, that la to one hall of the circumference. Complete the 
parallelogram A B E 1>, of which A D and A D are two adjacent sides. Coa- 
atroct on A D eight consseutiTe triangles equal to AB C and having their sides 
parallel to A B. Then the whole flguro A BED consists of sixteen triangles, 
each equal to A B C, which Is the sixteenth part of the whole circle; tberclore 
the parallelogram A B E D la approxlmatclj equal to the glrcn cirolo.* 

Therefore any circle can be converted into a reotangU, tguaret 
rhmhoidt or rhomibvi of the same area. 

Explanation.—Any triangle haring AD for Its hose, and twice the altltnde 
of the parallelogram A B E D for Its height, would ho equal to the parollelo* 
gram ABED, and therefore to the given circle; but A D is half the clrcum- 
lerence,* and as the altitude of the parallelogram is by construction equal to 
the radius of the circle, therefore twice this altitude Is equal to the diameter. 

Therefore, any circle can be converted into a triangle of the same 
area, by talcing half iU oirotmference for iU hate and diameter for 
tit altitude/ or what amounts to the same thing, itt tahale oiroum- 
fereneefor base and radius for altitude. 


APPLICATION. 


PROBLEM CXLL 


Ib construct a triangle equal in area to any given circle,, 


Dnw any radius D C. From C draw C E perpendicular 
to D C and equal In length to the clrcumfcrtnco of 
the circle.* Join D £, and the triangle C D E la 
eqnal In area 
to the gives 
«trde AB 0. 


aim do this rrohlem by taUag half the dreumference of the circle for Its base 
and diameter for altitude.* 



* Note.—Theoretically the clrcnmference of a circle cannot be exactly represented 
by a line, nor Its area by a rectilinear flgnn of any klndfhut practically the differ* 
enee Is so slight we need not notice IU The olrcumlercnco of anj olrolo la about S| 
times the diameter. 
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QUESTIONS AND EXEROISES. 


1. Constniot a triangle equal In area to two tlmtlar trfanglcfl, the basei of wblcb 
are respectively I' and 1J'. 

2. Construct a circle, the area of whloh shall bo equal to two circles, the radius 
of each being and f' respcetlrely. 

8 . Construct a regular hexagon equal in area to two given regular hexagons, the 
bases of which arc respectively 1' and 1}'. 

4. Construct a triangle eqnal In area to the dlilcrenee between two similar 
triangles, the bases of which ore respectively 2* and 1J*. 

6 . Constmot a circle eqnal tn area to the difference between two other circles, 
the diameters of which are respectively 2^' and If'. 

6 . ConstmeC a hexagon eqnal In area to the differenee between two hexagons, 
the diameters of which aro respectively and 

7. Construct a triangle on a base similar to a given equilateral triangle on a 
base of 1|'. 

I. Describe a circle having a radlns of If', and constmot a rJiemboid having an 
angle at the base of eqnal to It in area. 

9. A circle has a circumference of 6', constmet a square equal to It in area. 
(K.B.—Construct a rcctODgle flrsL) 

10 . On base .A B, 1'long, constmet a right-angled triangle equal In area to a 
drcla of 2'diameter. (N.B.—let. Make a right-angled triangle, having f dream- 
ference for base, and diameter for altitude. 2nd. Constmet on A B a triangle of 
equal area.) 

SECTION XV. 

CONVERGENT LINES. 

PBOBLEM OXLn. 

Through a given point E, to dram a line mhioh mould if produced^ 
poet through the angular point tonarde mhieh the two given linee A B 
and 0 B converge. 

Draw any Tconvenlent line aa F O* 

Join F E and OE. Draw any line 
B K parallel to F O. Throogh 
H and K draw lines HI and K I 
parallel to F £ and G E cutting 
each other In L Through E and 
1 draw line E 1^ which produced la 
the convergent line required. 
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PROBLEM CXLIIL 

lb dran a line iUeating the angle between two converging lines 
A B and 0 D, when the angular point ie inaooeerible. 

Thxotsgh Any point E In A B dr&w n 
lino E F ponaicl to C D. Bisect 
the ADglo B B F by line B O. 

Throngb aD7 point K between E 
and B, draw lino K L parallel to 
£ O. Blseet each of these llnea In 
E and 0. Join 0 II, which pro¬ 
duced iB theblsccUngUnc required. 



THE LINE AND CIRCLE AND 
TANGENTIAL ARCS. 

PROBLEM CXLIV. 

lb dram a circle (or an are) whioh thrill ie tangential to ang 
two converging Unas, A B and 0 D, and which shall touch one of the 
linei in the given point E. 



Draw the lines A B and C D to meet In X. Bisect the angle A X C by tho line 
X F O. Prom point E draw a lino E F perpendicular to A B, meeting X G 
In F. Then 

B F Is tlio radius of tlxo required olrdle* Desorlbe It. 

Note.—If tho linos A B and C D were Inaectsslblo. os In Prohlera CXLllI, the 
blsocUog line X F Q should be obtained as shown In that Problem. 
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PROBLEM OXLV. 

7b draxo a oirole with a given radiue B, which ihall he tangential 
to any two converging lintt A B a7\d A 0. 

Bisect tbe angle B A C bj tbo Unc 
AH. Draw E F parallel to A B 
at distance D, catting A U in 
Q. Then O is the centre of the 
retitdred circle. DueriU it. 0 



PROBLEM OXLVI. 


7b inscrihe a oirole in a given angle ABC, which shall ^aet 
through a given point X. 


discct the giTcn angle A B 0 hy Uso 
U 0. Take any conTcnfcnt point, 
F in B O, and vrlth F os centra 
describe a clrclo tonchlng the 
lines A B and C O. Join X B 
catting the clrclo In S. Draw 
the radius 5 F, and throngh X 
draw X H parallel to S F; then 
H is tbo centre ol the required 
circle, of vrUlch the radios Is X H. 



PROBLEM CXLVIL 

7b describe a oiiolo or an arc tangential to and including two 
-qual circles A and B, and touching one of them, in a given point of 
■ontact C. 

Find the centres B and £ of the girea 
circles and join them. Draw Una 
£ C, and through B, the centre of 
the other eirdc, draw line B F 
parallel to £ 0. Join C F, and 
prodaee it. If necessary, to a point 
opposite C, ns O. Join O B, end 
prodace it to meet C E produced in H 

H. Then H C is the radius ol the required circle. Bescribe it* 
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.91 


PROBLEM CXLVUL 

7b draw a circle (or an aro) tangential to and including tno 
unequal circles, and touching the largest or emallest at any given 
l>oint C. 

Find A and B tlie ccaUca of the circle 
and join C A. Cnt off from 0 A 
a part 0 B equal to the radius of 
the smaller circle. Join B B. 

Produce C D IndednUclf. At B 
make the angle £ B D equal to 
the angle £ D B hjr the straight 
line B £, which meets C D pro¬ 
duced In £, From centre E. with mdltis E C, defcribe the required are 
F C O. which is tangential to the two circles and toncbca one ol them In the 
giyen point C. 

Note. —The principle If the tome if the given point Is In the small circle, the 
distance as 0 B In that cose folUng beyond C A the radius of the small circle. 



PROBLEM eXLEX. 

7b draro an aro \jor circle') having a radius of one inohy which 
shall be tangential to two enegual oiroles A and B and include 
thetn. 



Note .—The radius of the oirale to include the other twoj must he 
greater than the diameter of the greater circle. 

Join the centres A and B and produce the lino Indeflnttcly beyond the circum¬ 
ference of each circle. On the lino A B moke C E and B F* each equal to 
the radius of the required circle, yiz.—one Inch. From the centres A and B 
describe the Intersecting arcs E X and F X. Then X is the centre of the 
required are, which la tangential to the two circles and includes them both. 
Ikseribt the are. 
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PROBLEM CL. 

2b iran a. circle having a radium of one quarter inoht tangential 
to the tno unequal cirolesA and B externally. 


Join the centres A &nd B 
and prodoco tlic line In- 
dedoUely beyond thcclr> 
CQmfcrcnce of each circle. 
From 0 and D mark off 
C E and D O equal to the 
ndlos of the required 
circle, Tls.1 quarter in. 
From A and B os cenlree, 



dcscribcthclntcrecctlngorcsEXand OX. Then X, the point of intersection 


is tho radios of the required clrclo, which Is tangential to tho circles A and B. 


PROBLEM CLL 

2b dram a oirclo (or an arc) externally tangential to tno 
unequal oiroleSi and touching one ef them in a given mint C. 


F<nd the centres A and B. Join A C 
and produce It iBdeflnltely. ^irk 
off, on C A produced, O O equal to 
the radios of the larger circle, and 
Join B Ti. Draw lino B E to meet 
D C produced In E, and making 
with D B, on angle equal to the 
angle B 1> E. Then £ Is tho centre 
of the required circle. From centro 
£, with radios K C. deecribo the 
clrclo which 18 tangential to tho 
other two and touches ono of them 



the point Ck 


PROBLEM CLIL 

2b construct a circle nhioh shallpaes through any given point A, 
rnd touch a given line B 0 a given point D. 

DrawDE at right angles to B C and 

Join A D. At tho point A make ^ 

angle DAE equal to angle A D E. / \ 

^ From the centro £, with distance / rw \ 

£ D, describe tho circle required, | ^ j 

which will pass throngh the point . j 

A and be tangential to B 0 at V\. j 

the point D. / 

Note.—The pupil shoold obseiro that 

the solution of this problem de]>cn(U B 'fj r*, 

on tho properties of the Isosceles uionglsi E AD being an Isosceles trlanplib 
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PROBLEM OLIU. 

To coiutruct a oirold 'roliwh shall jjass throurjli the tno given 
points A and B, and toneh th^ given line 0 D. 



-V 

Join A Band produce !t to meet DC produced In B. FlndthomeAn propottlonil 
between tbo two line:* A Band B B, and from K mark oft BX equal In 
lentil to tblfl mean |>roportlonnl. Then X Is tbo point at wblcb tbe rcqntrcd 
circle drawn thronsh A and D will touch (he Hue 0 D. Through tho three 
points A B X draw tho circle. 


PROBLEM CLIV. 

Jb construct a oirole to touch the given line A B tn thevoxnt Xf 


and also the smaller circle. 

Throng]) tho point X, draw a perpen¬ 
dicular lino 0 D ot Indcllnlte 
length. From X cut oil X G equal 
In length to the radius ol tbo 
glTcn circle and join C F. Bisect 
C F In tho point S and draw S 0 
perpendicular to C F meeting C D 
In 0. Then 0 Is the centre of the 
required clrdo and 0 X the radios. 



PROBLEM OLV. 

To construct a circle to touch a given circle in the point X, and 
the line A B. 
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PROBLliM CLVL 

To conutruot a circle, the radiue oftvhick u to touch the given 
oircle and the lino A B. 

Note .—The pupil has to find a point from both the line 
and the oircle. 

Find tbo centra 0 of tbo given 
circle and dranrCDpcrpcndle* 
ular to A B. From D murk off 
U E oqunl to ilic ratUaB of the 
required circle, viz.:—i lacb, 
and draw the Hue E F parallel 
to A B. I'rom ccnlru C, with 
radios i inch greater than the 
niiliuB of the given circle, de¬ 
scribe tbo arc 13 0 uiccllug the 
line E F In O. Tben 0 Is Uic centra of tbo required circle which can now 
be described. 

PEOBLEM CLVIL 

Tn dram one or tico exterior tangenta common to tteo gieen 
eir \U‘9. 



Find the centre 0 and draw line 
C X. Draw the tangent X D 
meeting tbo line A B In 
B. From D os centre, with 
radltu X D, describe the arc 
£ X Y meeting tbo line A B 
in H From E draw E F per- 
pcndlenlnr to A B. Produce 
C X to meet tho perpendicular 
E F In 0. Then 0 Is the 
centra of the retiulrcd circle ii 
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Join the ccDtrce A and B. From the centre B, with n distance equal to the 
dUtcrcQCfl between the rudll of the two glrcn circles, describe the hiucr 
circle C D E. From the centre A draw A C a tangent to the eircle CDS. 
Join B C and produce it to cut the circle in F. Through the point F draw 
F H parallel to C A. Then F 11 Is n tangent, and in tho same manner I R 
is another txuigcnt to tho two circles. 


PROBLEM CLVIIL 

To dram one or two interior tangents to two given circlet. 


This is done by n similar process to 
the latter, only the radius wlilub 
describes the circle C D £ must 
he equal In length to the stim 
of the radii of both circles, 

Instead of their dlffcrcuce ua lo 
the luttor problem. 

Noto.—The pupil will readily notice the nppUcnllon of the principles Involywi 
in thc.‘>o two pmhlcms to various incchanlcnl operatlous connected with 
wheoU In nmchlncry. 


QUESTIONS AND EXERCISES. 



1. Draw a clrclo 1* In diameter and n lice A U at any illstoncc from It. Tbet. 
draw a clrclo which shall touch both the given line und circle. 

2. The diameters of two circles arc 1 and 2* respectively, draw a circle which 
shall touch the larger in a givcu polut A. 

8 . Describe a circle which shall touch another in a given point, and nUn pa^s 
through uny given ]>olnt. 

4. Draw a circle 4' In mdlus which shall touch both Hues of uu ungle of iO**. 

6 . Any two lines A B and C D converge towards each other. Show bow the 
augle at which they meet can be bisected when it is inaccessible. 

6 . Describe a circle h«vlng a radius of and then describe two other circles ol 
the some sUe whlcli shall touch each other and the given circle in a polut B 
Ocscribc n clrclo which shall clrcumsciibo the three circles 



96 


SCHOOL OF AST GEOMETRY. 


SECTION XVL 

SOALES. 

DRAWING’S arc usually made smaller than the objects they 
represent, but sometimes larger; for example, a drawing which 
represents the steeple of a church is made smaller than the steeple 
itself, whilst a drawing made to represent the mechanism of a watch 
is larger than the parts of the watch illustrated. Neverthdess, the 
rarious parts of the object represented, and which an artizan is 
required t<> copy in the work he has to do, must bear the same 
proportions to each other on paper as they do in the object itself; 
this is done by means of a scale. Thus we may draw a line three 
hirhes lofig as in the following figure and diridc it into three equal 
parts. Then we may assume that each part stands for one yard, and 
S9 the whole line would stand for three times one yard, that is 
three yards. 





——■I 


We may also divide each one of the three equal parts into eight 
equal dirisioDS. Then each division might represent the eighth pat t 
of one yard, that is 44 inches. 

Note.— This scale is called a scale of because the line three 
inches is 0DC-thirty*8ixth port of the distance it represent^ 
viz.: 3 yards. 


PROBLEM CLIX. 


Construct a plain scale to represent 27 yards. The scale being 8 
yards to an inch. 

0 8 16 24 27 yds. 

._I_I_I 


Sloce represents 6 yards It iB quite evident 3' will reproetnt 24 yards. We must 
niercforcdrst draw a line 3'long to represent 24 yards. Wc bare now to 
oxtend the line to represent 3 yards, but as one Inch represents 8 yards wo 
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dirtdo tfao first Inch Into eight eqaat parts and each part represents 1 yard. 
Take DO\r 3 of the equal parts so obtained and measure the line oQ from 34 
to 37, Thus the whole lino will represent 37 yards. 


PROBLEM CLX. 

Construct a scale of to represent feet and inches, making the 
'wale long enoegh to represent 3 feet. 

SCALE OP INCHES AND PARTS. 

0 1 3 8 feeu 

ItTI m I I I I I I I I i 

Tbit means that the scale la to be considered 12 times less than the object U 
represents, which la this case Is 3 feet The scale most therefore measure 
of a* which equals JJ' — S'. 

Draw a scale 3 Inches longond this will represent 3 feet DIrlde It Into 3 parts and 
each part represents 1 foot, i. e. the scalo Is one Inch to the foot. As the scale 
is to represeat Inches and there ore 12* In a foot we must dlflde the first (nch 
Into 12 equal ports. 

NotO,*~Tho some prlnolplo extends to tbo constmcUon of scales of any sUo. 


SPECIAL EXERCISES. 


1. Construct the following scales to represent feet and inches 

1.—A scale of ^ to measure 16 feet. 



St CoDBtmct the following scales to represent jnrds and feet:— 
3 .— A scalo of ^ to measure 13 yards. 

..A ..3 

« A 8 „ 

8. Construct a scale to represent 36 feet, on a scale of to the 
foot, and then enlarge the scale to measure three times as much. 


dfiiir of ©nomcfvj. 








SOLID GEOMETRY- 


INTRODUCTION. 


Solid Geometry treats of the representation of solid objects iD 
two Tiews upon a plane surface, for the conTenience of mechanics, 
builders, and other artizans, who have to construct those objeett 
from the drawings placed in their hands* 

The true proportiont and tize of an object are represented in Solid 
Geometry, either on a larger or smaller scale, and thus it differs from 
Pictorial Perspectire in which the object is represented as it appean 
to the eye. 

SxpL—Tha draui^httmtin who draw- th# plan ot any part of a maeh’nc foi 
a mechanic to copy, and also the arehiUet who draws the plan of a bnlldlBg 
for a muon or carpenter to copy, represents the exact lenetha and positions 
ot the lines which form theoatllno of the object, whereas an artist, who 
wishes to make a picture of the machine or boildluf, represents thess 
outlines as they appear to the eye. 

Li Solid Geometry the rays of lightf by meaoB of which on object 
(s seen, are supposed to be parallel and not to conrerge towards a 
point as they actually do and ore made to do in a FerspectiTO 
drawing. 

hi order to represent a solid object upon paper by means of Solid 
Geometry, the draughtsman has to make two distinct drawings, Ti*. i 

^^"Thn Plan 0/ the o^eef, which Is t drawing to represent the tract tpaee it 
coven, or in other words Uic exact space It overhangt, as an cys 
lookiog directly on It from above would see It. 

2 ad.->The Elovatlou 0/ the olfjeet, which Is a drawing to represent its vertical 
appearanu, that Is, the exact space covered hy the perpendleulai 
height of the object, os an eye directly In front would see IL 

Solid Geometry, therefore, enables us to represent the throe dimen* 
•ions of a solid, namely, length, breadth, and height, in two drawings. 
^ one of these —the PZan—the length and breadth are shown, and 
in the other— Mevation —the length and height. 
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The following illustrations will readily explain to the pupil what 
ifl meant by Plan and Elevation> 

L la the Plan ot each of tho objecta, becanse it repmenta the exact apaee the 
object corera oa a /loruon/a! plane, taj the floor of o room. 

Bis tho elevation of each of iheobjccta.bccauso It repreaenu the exact epae« 
the object covers on a vertical plane, ea; tho ^rall of a room. 



Cube 

RccUmgoIar Priam Cone | 

1 

B 


■ 

B 

:p 

■Bl 


JL 




© 

1 Cylinder Triangular Frlam Scsagonal PrUm j 

0 

IB 


■ 

I 

P 

ill 

© 

V 

0 


These drawings however convey no idea o£ a cube* prism, cone, &0., 
to the mind of tho pupil who has never been instmeted in the 
principles of Solid Geometry; the plan of tlio cube conveys no 
other idea than that of a square surface, and the elevation does 
the same, whilst the jilon of the cone is simply a circnlar surface, and 
the elevationt a triangular one. The lines used in drawing the plans 
and elevations of solid objects arc merely the lines which project 
the various points of the solid, whereas the form and position of the 
objects themselves, which stand in space, are to bo conceived 
by the pupil. The power by means of which he is able to possess th^ 
conception can only be acquired by a knowledge of tho principles on 
which solid objects are projected. These we are about to consider. 

Two Planes.—The pupil must not forget that although A —the 
plan —and B —the elevation —archercdrawnuponoucplane—thesau.; 
sheet of paper—still they represent the objects as covering two plane 
which ore at right angles to each other. The plan covers the floor, 
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which we call the ** Horizontal Plane ” (H.P.)* elevation 

covers the wall, which we call the “Vertical Plane” (V.P.) 
Thus whenever we speak of plan^' of an object, the pupil must 
at once remember that wc mean that view he would have by looking 
down on it; and when we speak of “ t?ie elevaiiont^ we mean that 
view he would have by looking at it directly in front. 

Line of Intersection.—In constructing the plan and elevation 
of an object on one plane—the same sheet of paper—it is convenient 
to separate that portion of the paper which contains the plan from 
that which contains the elevation. This is done by means of a line 
such as the line 0 P in the foregoing illustrations, which is called the 
” Line of intersection,” and sometimes the ground lincj or base 
line. If we t.ake the^oor o/^a room to illustrate the horizontal plane 
and the nail the vertical plane^ the line of intersection is illustrated 
by the line in which the floor and wall intersect each other. The inter¬ 
secting line throughout this treatise will be named 0 P. The contrac¬ 
tion HP. will stand for hjorizontalplanei and Y.F., the vertical;plane. 

Projections.—The drawings which represent the plan and eleva¬ 
tion of an object are called the “Projections’' of that object, and 
hence wo shsdl speak of '^Frcjccting an object or projecting the plan 
and the elevation of an object. Having explained the use of Solid 
Geometry and themeaningofplanandelevation,wcwillnowproceedto 
consider the principles upon which plans and elevations are projected. 

The models most commonly used to illustrate these are the enbe^ 
pyramid,prisnif cylinder, cone, and sphere. The teacher should also 
get two plane surfaces of wood, so constructed as to work on hinges, 
to illustrate the horizontal and vertical planes. Wo will suppose he 
has such a model, and in order to give the pupil every assistance, 
the drawings used in the first few problems will show the objects 
themselves which we wish to project, as placed on such a model, and 
also the manner in which the projections are obtained, thus— 

Fig. A. represents a drawing of the object itself and shows the 
methods of projection, whilst 

Fig. B. represents the projections as they arc actually drawn in 
practice. 

In the first seven problems 12 3 4^ Fig. A. represents the V.P, 
as the wall of a room; 2 3 6 5, the H.P, as the floor of the 
room j and O P the Line of interseotion* 



SECTION I. 

PARALLEL PROJECTION. 
PROJECTION O F POIN TS AND LINES. 

PHOBLEM I. 

lb dram the plan and elevatien of a point suspended in space. 

Fig. A cxplaliu tbs Thiwm t Fig. B shows tbs Practiu. 

Kobe .—pupil may tus a paa or marble as a tanyibU ttlmiration of tbe poitu 



the lioo X Y fnllln;; oa tho ILP. in tho point Y will Indlcato tho lino of sight, und Y 
Is the plan of tho point x, since it la tho point on the which x overhangs. 

The Elevation.^-If wo now sapposo the eje to see the point x directly fn front, 
tho lino X Z falling on the V.P. In the point Z, will Indicate tho line of sight in that 
direction, and Z Is the olovatlon of tho point 7. since U is the point on the V.r* 
which X covers when seen directly in front* 

Note.— The lines x T nnd x Z ora called Projootors, heeanae they indicate the 
line of sight, and arc therefore need to project tho 
plan and elevation. The projector x Z which ll 
drawn from x at right angles to the V.l\ represents 
the distance of the point x from the V.P., and tho 
projector x Y, drawn at right angles to the iLF., the 
height of the iiolnt x above that plane. 

Let ns now revolve the H.P. to 2 8 6' 6' 
to coincide with the V.P. 1 2 3 4, 
that Is, nntil the two planes fall into 
the same plane. Then the Plan T 



Fig-. B. 


!v 


J 

It 


5 ' 
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will also revolve with it and fall into the position indicated by the 
point y, which is the position of the plan of such a point os shown 
in actual practice. 

In Fig. B, I is the elevation and Y the plan of a point 
suspended in space, projected according to the priu^iplca explained 
in describing Fig. A. 

PKOBLEM II. 

Ib dram the plan and elevation of a line at right angles to the 
horizontal plane, andparallel to the vertical plane. 

Fig. A explains the Theory; Fig. B shows the Praetiee. 

Note.—J7k« Pupil may me a piece of vire or a lead ptneil to Uluetrate the line 



The Plan.—The eye looking dlxecUy down on X V, would see nothing bnt the 
point I, which covere the 11.P. In the point Y, and 1 b therefore the plan of the line. 

The Elevation.—The line XT as seen directly In front would cover the space 
marked by z y on the VP., therefore x y Is the elevation of the line, and Its 
ends are determined by the projectors X z and Y y, which arc druwn from X and T 
at right englea. This however Is not the method adopted by dmoghtsmen to 
lUtuirato the plan i^nd elevation, It merely iUustmtea the manner In which wo obUln 
these projections. See Fig. B. Fig B. 

Let ns now revolve the H.P. 2 5 6 3 1*^ 

on the intersecting line O P, until it falls I 

in a straight line, that is in the same piano O <!/ ^ 

with the V.P. 1 2 3 4. Then the point j 

Y which revolves with the H.P. drops in- 

to the position marked y', and is the plan of such a line as shown by 
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draughtamen in aotaal practice. In Fig. B the point T ia the 
plan of a line at right angles to the H.P., and the line I y its 
elevation; the method of projecting these being shown in Fig. A. 


PROBLEM m. 

To draw tlie plan and elevation of a line at right angles to tTio 
V.P. and parallel to the H.P. 

Fig. A. explains the Theory; FIg.Bsbows ibtPraetiee. 

Let X Y represent the line, say a piece Of wire, at right angles to tbs 7<f.(ans 
pxniUd to ths ii.f. 



Tho Plan.—An eye which tIcws the lino from aboTOwoold seethstlt eorera 
tho space on the 11.F. inrilcaied by tho llnoxy, which is therefore tho plan of X T. 

The Elevation.—An oyo which ylows tho lino directly in front would simply 
see tho point Y which corers the V.F. In tho point X. Tho point X therefore Is the 
elevation of tho lino. 

Lot us now revolve the H.P. as before 
nntil it falls in a line >vith the Y.P 
and the lino ay which revolves 
with the plane will fall into the 
position indicated by ai y'. In Fig. B the point I is the 
elevation of a line at right angles to the V.P., and the line 
Y y is its plan, os drawn in actual practice; the method of 
projecting these being shown in Fig. A. 
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PROBLEM IV. 


Jb dram tAa plan and aUvatian of a line parallel tO l)otli 
planes and tu^cnded in opaoe. 

riff. A oplalBS the Thtory ; Fig. B ehovrs the Praetieo, 

Ictsji reprtwit tueh a line, lay a piece qf wire tuspended tn tpace. 


Pig. A, 



The Plan.'-Braw the projectors xa and y& of eqoal length, falling on ths 
E.S, in a and b. Join a & trhicli Is tho plan of the given line x y. 


ThS ElST&tlOll.—>ThO distance of ar p from the V.P. is Indicated by tho distance of 
0 and b from the Intersecting Uno 0 r. Therefore draw the projectors a c and & d lo 
the line O P: and also tho projectors* x e and y / to the vertical piano to meet the 
perpendicnlars drawn from e and d In the ]ioInts e and/. These points determine 
the elevation of the points x and y on the y.P. Join s /, which represents the 
elQvatlon of the given line x y. 

Fig. B. 

Let US now revolve the H.P. until it coin- 

cideswiththe V,P„audff b will assume ^ ai ib ^ 

the position of the line a' ^ as it is | j 

shown in actnal practice. In Fig. B, -[B 

1 2 shows the elevation, and A B the plan of a line parallel 
to both planes. 

•Kota.—The pnpil must not lose sight of the fact that projectorf* aro always drawn 
|tom tho points projected at *' riyht angled' to the planes of projection, in the Per- 
spectlre lUastratloD, Pig. A, bo will notice that the projectors a c and h d represent 
lines at right angles to 0 P, oltbongh they really fall at acuta angles to that line, 
whereas In Fig. B we have a Qcometrlo drawing of tho plan and elevation In which 
the projectors A. a aud B & which correspond with the projectors a e nod b d, FJg.‘l, 
axe really drawn at right angles to O P. 
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THE PROJECTION OF PLANES. 


PROBLEM V. 

To dram tlio plan and elevation of a squ&rd surfaod tuepended 
in space parallel to the H.P. afid at right angles to the V,P. 

Fig. A cxplaioB Uio Theory; Fig. B sbowB tbo Praciiee. 

Note.—A draieiiiQ board tnay be used as an t'llusiralion ol tbe square surface vUirh 
\t here indicated by A B C D, parallel to the H.P., the edge* ▲ B aud C 1> beiag at 



\st. The plan fJiwrt le a square of tho same size, 

T1)0 PlnUt—Prow tlio projesuirs BbandCe of equal length to determine the 
plan of the edge B O upon tho II.l*.* From 6 and e draw projectors b r and e i to 
O P, and let fall from A uiid D tho projectors A a ond J) d. Join a d. Then abetl'g 
tbo plan of tbo surface A B C D. 

2tid. The elevation must be a line equal in loigth to B tho side 
of the square. 

TBe Elevation.—Now the cIcTntlon of B G on the plane 1 3 8 4 Is determined 
by lU distance from the V.P., and this dlscanco Is represonted by the length of 
tho projectors 6 r and e s. Thcrcforccroct perpendiculars from rand s to Intersect 
projectors drown from A and D in z and y. Jolu tho points of Intersection x and y. 
Then tbo lino z y is tbeelovation of tbe square surface ABC P. 

Lotus now revolve the H.P. 2 5 6 3 until 
it coincides with the V.P. 1 2 3 4, 
in doing which the plan abed mast q, 
also revolve, and we shall get the pro* 
jeetions of the square surface as thej 
are shown in actual practice in Fig. B. 

This rotation is not shown in Fig. A to save confusion of lines 

■ The dlibince of i c from 0 r glrcs tbo dliunce of tbo odgo B C troa tbo y£. 
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PROBLEM VL 

To project a square plane, the turfaoo of rehioh is situated at 
right angles to the H,?. and parallel to the Y.P. 

FIk- a explains Uie Theorg ; Fig. B shows the Praetiee. 

Ijtf. The plan must be a line. 

Tho Plan—Draw the projectors B x snd 
C y ol equal length falling on tho 
H.F. In X and j/. Join x g and the 
line id tho plan of the given plane 
surfftco'A BCD. 

Draw the projectors x r and jr s to deter¬ 
mine the distance of A B C D from tho 
Y.i’. 

2nd. The elevationmust be a square, 

Tho ElOTation.—Draw tho projectors A a, 
plane, tho positions of a, b, e, d, being determined by projectors from r and «. 
Join ab,be,cd, and <f o, then a & e d Is the elevation of the given plane surfooA 



If we now reTolTC the H.P. 2 6 6 3 
until it falls into the some plane 
as the y.F.) we shall have the 
plan and elevation of such a ^ 
square surface os shown in Fig. B, 




j3. - J3 

the way in which it is represented in actual practice. The 
rotation has not been made in Fig. A to save confusion of 
lines. 


PROBLEM VIL 

7b prefect a onhe suspended in space with faces parallel to both 
planes. . 

£<r A F reproent a cute as it voutd appear suspended in space, in tchleh the face 
A. n CD is parallel to the ILP., and Vie face CFQDtothe V.F. 

The operations involved here are similar to those already performed^ 
because a solid is only composed of surfaces. 

lit The plan must be a square. 

The Plan—Project the plan a 6 c d of tho sarfaco A B C D. which !s the only 
jorfacQ an eye would seo when placed directly over tho enbe. (Proh. 0.) 

2nd. The elevation must also be a square. 

Tho Elevation—Project the elevation d fg of tho surfneo C F U D. which 
Is the only snilace on eyo would see directly la front of the cube. (See Proh. 6.1 


THE PBOJECTION OP A CUBE. 


107 



is here represented in Fig. B« in which 1 2 3 4 is the elO* 
vation, and A B 0 D the plan. 

The Fapil is now familiar with all the elementary principles affect* 
Ing the projection olpointi and of lines and surfaces which ore 
▼crtical to one of the planes of projection and parallel to the other, 
and also of solids, which ore in the same position with respect to the 
two planes. Hence wo shall dispense with the use of sneh illustrations 
as we have given in Pig. A of the foregoing Problems to illustrate 
the priucipics of projection, and shall apply these principles to the 
projection of various kinds of solid objects and in various positions. 
Before doing so, however, it may be well for the pupil to revise 
what we have already explained, and to note that in Solid Geometry— 

1. —Two projeotions are made of an object, one on the H.P. and 
anotlier on the V.P. 

2. —The lines used to project the points of an object are called 
Projectors. 

3. —Projectors ore always drawn at right angles to the planes ol 
projection. 
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4.—The projections of a point are represented by a point on both • 
planes. 

6.—The projection of a line at right angles to the H.P. and 
parallel to the V.P., is a -point on the H.P. and a line Of €q.nal- 
length on the Y.P, 

6. —The projection of a line at right angles to the V.P. and 
parallel to the H.P. is a point on the Y.P., and a line of equal 
length on the H.P. 

7. —The projection of a line parallel to hoth planes ia a line of 
equal length on both plane& 

8. —^All solide are composed of surfacei, all surfaces of lines, and 
all lines arc determined by points, therefore the projection of solids 
simply resolves itself into the proj cction of the points, lines, and sur¬ 
faces of which the solids are composed, and is therefore governed by 
the principles we have just been considering. 

QUESTIONS. 

1. Draw the plan and elcration of a point suspended In space, 1} Inch from the y.P. 
and 2 inches from the H.P. 

X. Project a line 2i Inches long when parallel to the H.P. and at right angles to the 
V P.; Its height above the gronnd being 2 Inches, and distance from tho V.P. 

11 Inch. 

t. Show the elevation* of a Uno inch long parallel to both planes, and inch - 
from them. 

f. Project a piece of straight wire 4 feet long, which is fixed in the wall at right 
angles to It, and 8 feet above the grotmd to which it Is parallel. Scale 2 Utt 
ic an inch. 

i. l>raw the plan and elevation of a black hoard 4 feet square, suspended 2 feet 
above the floor o( a school-room to which it Is parallel and against the wulL 
Scale 2 feet to an inch. 

S* Show the elevation* and plan of any enho having faces parallel to both planes. 

* yote—the plan is to be projected from the elevailoo* 
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THE PROJECTION OF PRISMS. 

A Prism is a solid object, the ends of which are eqval and timilar 
mrfaces, and the sides which unite these ends arc parallelograms. 

The ends of prisms maj be cither triangles, sg^nares, ox 
polygons. 

PROBLEM Vin. 

To liritjtct a sejuare prism, one end ofnJiich rests on the H.P. 
and one of -its upright faces is parallel to the V.P. The height of 
the long edges is l(f, and of the end edges 6', Scale to the foot, 

in' on this rcalo ^rtll be rcprcscnied by I3'. 

c' . „ 5'. 

l^f. The plan of this prism nill he a square. 

Tho Plan.—Draw A B g' loag, parallel to 
0 V, Oa A D con5trnct a square A B C D 
which is tho plan of the prism. 

2nd. The elevation of this prism nill he 
1 rectangle. 

Tho Elovatlon.—Dfiiw projectors Ao nod 
B b, and at a and 6 erect perpendiculars 
a 1 and 6 2, IJ' long, to reprcfcnt the 
height in'. Join 1 2 by a lino parallel to 
0 r : then tho rectangle 1 a 6 3 U 
the olovatloxx of the prism. 

Note.—The pupil may here obserre that the 
distance of the parallel A U from the Inter, 
sceting Uno 0 P really rcprci'cnts tho 
'llscnocc of the prism from the V.P.; and 
fiiso 11 the hose of the prism were raised 
itUOTC the II.P., its dlstauco would he 
represented bytholengthof.'iperpendicular 
let fall from that bnso to the line 0 P; for example the perpendicular I a 
representa the height of the line 1 2 aboro the H.P. 
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PROBLEM rx. 

To project a prism of the tame dlviensione with one of ite facet 
inclined at an angle of 30® to the V.P. 

Tbe papU \riU percelre that olthoagh odo of 
tho faces of tiie prism la inclined at on 
Bcnto angle to the Y P., still the axu* of 
the prism Is parallel to it. 

1^. Tkeplaiiy a* heforty is a tqnare. 

Tho Plan.—Moke A B I' long, at an angle 
of 80° to OP. On A B construct a aqaare 
trhich is a plan of the prism. 

2nd, TJie elevation of the prism icill 
he two teen and t)vo unseen rectangles, 

Tho Elevation.- Draw the projectors A a, 

B6, Cc, and Dif.,andatab cdercct pcr« 
pcndtculars a 1,6 2, e 3, dd, each If* 
high. JoIq these ends hjr a line parallel 
to 0 r. imd the elevation is complete. 

An Analysis of thd elevation.—The 
roctoDglo la d4. Is the elevation of the 
face which rises up from tho edge AD; 

4 d c 3, of tho face which rises ap from 
C D : 1 o 6 2 of the hidden face which 
rises up from A B, and 2 & c 3 of tho hiddeu face which rises up from B C 



Note.—The same object may have a variety of plans and elevations, for thc«e 
depend upon the position in which the object Is viewed. For Instance, the square 
prism we have just been projecting may have rested on tho II.P. with one of Ita 
long faces parallel to the V.P. in which cose the plan wunJd have been a reclanffU 
and the elevation arectangliS os well, or It may have rested on tho II. 1’. with tin end 
ponUIcI to the V.P. and then tho plan wonid have hccu a rectangle and the 
elevalloD a square, which Is just the reverse of tho projectloas given In Problem 8. 

Problems for the pupil to solve are given in various ways. The 
plan of the figure may be given from which the elevation has to be 
projected, or the elevation may be given from which the plan has to 
be projected ; bat the pupil must also bear in mind that tho solid, 
of which the given projection is a plan or elevation, may not bo 
described in words, but by means of another view of the same 
solid. 

* A line drawn from the centre of one end of a prism to tho centre of the other 
end Is called Its nrlg. 
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OTHER PROJECTIONS OF THE SQUARE PRISM. 

Flo. B, 

O I_ 1 > 

Fig. n Bfaotrs an end deration of 
tbo Bomo prism when it rests on 
the n.P. with one of Its long faces 
at right angles to the Y.V. 

Note.—The pupil may further extend these principles by project* 
ing the square prism resting on the floor with one of its long faces at 
Tarioua angles to the V.P., always supposing that the axis of the 
prism is parallel to the H.P. Lines, however, inclined to the planes 
of projection will be considered in Section IIL 



PROBLEM X. 

7b prtyeet a trlan^lar prism retting on one of ift endf, ttvd 
having one of its faces parallel to the V.P ; its height being 8', and 
the nidth of each of its triangular edge* (Scale of an inch to 
a foot). ^*2 3 

8 * on this Bcale will be represented hy l' 

4* „ „ _ „ .. V 

lit, 7?leple,n U an cguilateral triangle. 

The Plan.->I)nw A B 4' tong paralld 
to the lotcncciing lino, and on It con* 

•truct no equilateral triangle ABC. 

Xhen the triangle A D C Is the plan. 

2nd. TTie elevation is tno rectangles. 

The Elevatlon.'-Draw the projectors 
A o, D t. and 0 c, and erect the perpen* 
dtcalors a 1, e 3, and 6 3, equal to tho 
height of tho prism, Tlz. :^an inch. 

Draw a lino tbroagh tbo points 12 8, O 

panllcl to 0 F, and tho deration Is oempleta 
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PEOBLEU XI. 

Topnjeet ihe triangnlar prism given in Prob. X, having one of 
its faces inclined to the V.P. at an angle of ho*. 

Note.^-Alttiough the/acts are ineiined to the VJ*. its axis it parallel to that ptaae. 

± 2 3 

\sU The plan is an equilatei’al triangle, 

Tho Plon.-^Dmir A B long at tm aoglo of 
4S^ to 0 P. On A B coostract an cqiillat- 
cml trinngle ABC, whlcli Is the plan of 
the prism. 

2nd. The elevation represents one seen 
and two hidden rectangles, 

Tho Elevation —Draw the projectors A a, 

C e, and B and erect the perpendteolars 
a 1, c 3 aod 6 2, each 1'high. TliroQgh 
1,2,3f *tm\r a parallel to OP and the elcTO* 
tlon It complete. The edge 6 2 Is dotted, 
becaase It is hidden. 

IfOtO-—^The rectangle 1 a e 3, Ls the elevation of tho front face, of which the 

floe A C id tho plna; 1 a & 2 of the hidden faco ol Khlch A R in tho plan: aud ‘Jbel 
of tho hidden faco of which B,C is tho plan* 



OTHER PROJECTIONS OF A TRIANGULAR PRISM. 
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PROBLEM XIL 

Topr^eot a pentagonal prism resting on tho H.P. on one of its 
ends \ the front face being parallel to the V.P. Take the height og 
the prism at l(Kf and nidth of each face B\ Seale ^ inoh to a foot, 

10* oa thU scald is represented by 1^' 

» .. M .. r 

\st. Iheplanofthiapiimisa 
regular pentagon. 

The Plan.—Draw A B |' Ion® 
parallel to 0 P, and on it construct a 
regular pentagon ABODE. This 
Is ibe plan. 

2nd, Hhe elevation nill re- 
present 3 visible and 2 hidden 
rectangles. 

The Elevation.—Draw tbc pro- 0- 

JeetorsAo, B6, C c, D <f, and E«. 
rrom a, b.Ctd, and e, erect perpen- 
dicninrs a 1, 6 3, c 3, d4, and e 5, 
each 13* high. Throegh these points 
draw a line which will be parallel to 
OP.andtbo elevation o( the penta> 
gnual prism Is complete. 

An Analysis of tho olevation— 

The rectangle 1 a 6 S, marks tho ele- 
TatioQof the face of which the line 
A B Is the plan. 6 c a I of tho face which rises up from the edge E A; 3 6 e t ol 
thu toco which rises up from tho edge Be; 6ed4of tho bidden face which rises up 
from the hidden edge E D| and 4 d e 3 of tho hidden faco which rises up from the 
hidden edge D C. 



PROBLEM Xni. 

A liBzagonal prism stands on the floor of a room having one of 
iU faces inclined at an angle of 45® to the V.P.; the height of the 
prism being 6' and the width of each face 3'. Scale 6 ft. to an inoh, 

6* on this scale wlU bo represented by I' 

3 ' • H - H „ ». 
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Tko plan is a regular 
hexagon. 

The Plan.—Draw A B i' long 
and at an angle of 45° to 
O.P. On A B constract a 
regnlor bexagon A B C D 
£ F which Is the plan of llio 
base and also of the upper 
snriace. 

2ni. The elevation nill he 
3 teen and 3 unseen rectangles 

The Elevation.—From each 
of the angular points of the 
hexagon erect projectora 
A o, B 5, C e, D d, £ e, and 
F f. From each of the 
points a, b, c, d, e, f erect 
perpendiculars 1 a, 2 6,3 c, 
idtSCt 6/each 1'In length 
and throQgh the points 
draw a lino which will bo 
parallel to 0 P, and com¬ 
plete the eleTstlon. 

Note.—The perpcndlcnlors 2 5, and 3 represent the edges of the prism which' 
are hidden, and are therefore Indicated by a dotted line. 



Analysis of Elevation.—The rectangle l a /S is the elevation of the seen face 
of which A F is the plan; 6/ e 5 of the seen face of which F £ Is the plan ; 5 < d 4 
Of the seen face of which B D Is the plan; 1 a 5 2 of the hidden (ace of which A B 
lithe plan; 2&e Sot the hidden (ace of which BC Is the plan; and 8 e d4 of the 
bidden ftet of which 0 D la the plan. 


PROBLEM XIV. 


Dram the plan and elevation of a solid hexagonal column the 
height (fmhiah is 30* and length of one side K/, on a scalo oflVte 
the ineh'f the front face being parallel to the V.P, 


ZO' on this scalo will he represented by 1)* 
to* » H » » n „ ., !■ 


» H 
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lit. Thtplan mill be a regular 
hexagon, 

Tho Plan.—Draw A B 4' Icng poral- 
Icl to 0 P, and on It construct a 
Tegular hexagon, A D C D £ F, 
which la the plan. 

2nd. The elevation is a series of 
rectangles. 

Tbo Elevation.'—Dmw the proJcc> 
tors A a, B fr, O c, F/. From a, 
b, c, f erect perpcadlenlars I a, 
2 6, 3 c, 4/, each \i' high. 
Through the numbered poinu draw 
a line which will bo parallel to 
O P, and the elevation !s com. 
plcic. 

Noth'—The projectors from A and B, 
the angles at the ■•n?o of the front face, are 
eolncldenc with those which arc drawn 
from C and D, und are therefore an.eeeB. 

The rectangle 1 a & 3 la an deration of 
the front face which rises np from A B and 
also of the face which rises np from E D. 



The rectangle 4/(il{s the elevation Of the faces Which rise bp both from A F oi. < 


F E, and tbo rectanglo 3 h c S of the faces which rise up from B C and D C. 


PROBLEM XV. 

A Monament t» the shape of a Pyramid stands on thefioor of a 
church. The edges of the haseareeaoh 4^ and vertical height Hi'. 
Tico of 'its edges incline at an angle of 76® to the veitical planCf and 
the other two at an angle of 15®. Scale 8' fo I inch. 

lO* on this scale will be repteseuted by li' 

V .. .. _»_ i' 

ist. The plan nill be a square, 

Tito Flan—Draw the line A B at on angle of 75® to the lino of InterseetloD, 
and t an inch long. On AB construct tho square A B C D. Then A B C D Is the 
plan of tho pyramicl, in which a B and its parallel D C are both inclined at an 
anglo of 75® to O P: and A D and its parallel B C aro each Inclined at on angle of 1&^. 
2nd. T'le elevation mill represent tno seen and tno unseen triangles. 
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The Elevation—ThoTertlcal height 
or 0x19 of A pTramld Is measured 
bj a perpcudicular drawn from the 
centra of the base to Its apex. 

Find S the centre of tho base, and 
draw tho projector S*. From s 
erect a pcrpCDdicular r y 1^* high, 
which represents tho height of 
the clcraliOD. Draw the project^ 

OTB A a, D d, C e, and B b from 
the nncnlnr points of the srinare. 

Join ay, b y,ey, and dy which 
represent the oblique edges of the 
pyramid. Then the triangle jrac, 
and the Hues enclosed represent 
the elevation of the pyramid. 

'«0t0—The edge 6 y Is hidden from the 
>i>-'-jtator. therefore It (s Tn.arked in dotted 
|h <8. The face of the pjmmld rising irom AD is represented by the triangle yadi 
Ui it rising from D C by the trlnngto y d e; the bidden fnce rUiiig from A B by ibo 
trungle yab, and the other bidden face rising from B C by the triangle y ( c. 



PROCLBU ZVL 

A G’lobe, 9* in diavictcrt standi on a sqxtare tablet 
which touches the wall of a schoolroom. Draw its plan and elcva^ 
tinn on a scale of P to 1'. 

Koto—Tire lop of the table may be taken as 
the ILP. and the wall tho V.P. 

S'onthlsscolewill he represented by jo'onInch. 

Is^. The plan is a circle. 

Tho Plan—Take any point S below O ? 
as centre, and describe a circle, A B O' 
having for Its diameter } of on inch. 

Then the circle A B Is the plan of 
tho sphere. 

2nd. The elevation is a circle. 

The Elovation—The centre of the circle 

required for the elevation is obtained _ 

by a projector drawn from S. Draw tho projector S A and at A, erect a per* 
ixutdicuiar A x, equal In length to the radius f r. From centre x, describe 
the circle a b, which Is the elevation of the sphere. 
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PROBLEM XVn. 

To prrQcet a cylinder resting on the H.P. on one of its endst if* 
ktriqht is and the diameter of its hose T. Scale i" to thefooU 


4' oa thl« tcnle will ba represented by 



\st. The plan of this cylinder is a oiroU» 
Tho Plan-Take any point H below OF as 
centre, and describe a circle, having i* 
for Its diameter. This is the plan. 

% d. The elevation i*. a nctang 
Tho Elevation—Draw tho diameter A B of 
the plan parallel to 0 P, and throw op tbo q 
projectors A a and B b. From a and b, 
erect tbo pcn>endlcnl&r8 a 1 ondft2, each 
1' high. Join 1, S by a line which Is pa¬ 
rallel to 0 r. Then tho rectangle 1 a b 3 la 
tho elovatlon of the cylinder 


PROBLEM XVm. 

7n prtgeat a oone resting on the H.P., its vertical height beir 
4'i and the diameter of its base 2'. Soale to the foot. 



i' on thin scalo wlU be represented by I' 

y .. » .. .. .. 4' 


1/^ The plan of the co.xe is a circle. 

The Flan—Take any point 8 below 0 r as 
centre, and describe oclrclo having } inch 
for Its dlamotcr. This U tho plan. 

2nd, The elevation is an isosceles tri^ 
angle. 

The Elovatlon—The apex of the cone stands 
directly over the eentro of Its base, there¬ 
fore draw tho projector 8 « and at « erect 
tho pcrpcndlcnlor »y,l* high. Tbensy 
is tho axil of the required cone. Draw 
the projectors A a and Bb, and join ya 
nndyb, then tho triangle y a b isthcclo- 
▼ndoQ of the cone. 
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PROBLEM XTX. 

A reotangnlar Llook 0 / stone 6' lonff, S' fvide, and 1' U\g\ 
rests on a level floor on one of its longest and mdestfaaest parallel to 
ike V.P. On the vpper surface a oone rests on its base, the axis of 
nkieh is The diameter of the base of the oone is 3' oTid the centres 
cfthe block and cone are coincident. Dram apian and elevation of 
both block and cone. Scale to afoot. 



The Plans .—Tht 
Blotk. Draw aline 
AB I^'Iongparal* 
lei to OP, and con* 
ftrnct a rectangle 
ABCDmoldogtbe 
length of the other 
p&rallel sides AD 
and B Cl each f'. 

ThenABCDIsthe 
plan of therectang 
nlorhlock. 

2s(f. The Cone. Find 
£, the cenue of tho 
plan of the block, 
which 1] 
the centre of the 
cone that rests on 
the block. Since 

the diameter of the cone and the width of the block are each S', from E 
describe a circle S T tonchlng the long edges A B and D C of tho block. 
Then tho circle X Y so described is tho plan of tho cone. 


The Eletratlons-—isf. The SloeJt, Dnw tho projectors A f>» and B n of the 
block, and erect pcrpcndicnlors m a and n b equal In length to tho height of 
the block, Tlz., 1' that Is on this scale Join a and b bjr a lino which b 
parallel to O.P. Then a b n m b the cleTotlon of the block. 

9nd. The (hnt. From E draw tho projector E e, and at e erect tho perpen* 
dlcolor e 1 an inch high, which will he the axis of the cone. Draw a diam¬ 
eter of the plan X T parallel to 0 F, and from X and Y erect projectors X x 
and Y y; join 1 x and 1 y. and then the triangle 1 x y is the elevation of the 
•one. 
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PROBLEM XX. 

To Preheat a TotraBedron oj any dimentiont, with ono cfiUfaoet 
resting on the H.P. and one tide inclined at an angle of 46* 

Note—il Tetrahedron U aisolid 
triangle. 

The Plan—Drarr A B at aa 
angle of 4G° to the Hoe of 
IntcrscctioQ. On A B 
consiruot on eqallatcnil 
triaoglo ABC,which U 
the plan. 

• The Elevation— The rer- 

tlcol height or oxld of a 
tetrahedron i B a line d rawn 
at right angles to the base 
Irom Ita centre. There* 
foro And x the centre of 
tho triangle, which Is tho 
plan of the axis. Join A B f, and C x, and the lines so drawn are plans 

Of Uic edges of the solid. The height of tho axis depends npon the length 
of Its edge for It forms ono sldo of a right angled triangle, the other aides of 
which aro an edge and a plan of that edge, nenco ltlsDeccis.ai7 toconstract 
on especial right angled triaoglo to obtain tho axis, this is done In Fig. B. 
Hake a lino A' x' equal to A x. At x' erect a pcrpcodlcolar x' y of any 
length; and from A'as centre, lib radios A Bent off A'B'. Thenx^B'fs 
the height of tho axis of tho tetrahedron. Draw tho projector x o and from o 
draw tho perpendicular o 1, equal In length to x' B'. From A, B, and C. 
draw the projectors A a. B and C e. Join a 1,61, c 1, and the uiangU 
1 a c Is the cleratlon of the tetrahedron. 

IfJI.—The clcTatlon of the edge 1 fr cannot ho seen. It Is therefore marked In 
dotted lines. 1 a 6 is tho deration of tho bidden foco of which A B la tho plan; and 
1 k c of the hidden face of which B C la tho plan. 

QUESTIONS. 

L Project a pentagonal prism which stands on the floor on ono of its ends, haring 
a hidden face parallel to the ILI*. Height 3 Inches, width of face inch, 
t. Draw the deration and plan of a cone, the height of the elerotlon being 2 Inches 
and tho width of the base loch. 

IffOiO—Prau the eUeation first and the plan afteneardL 
t. The deration of a eqnaro pyramid Is simply an Isosceles triangle, the height of 
which Is 8 Inches, and tho width of its base Inch. Draw It and project Ita 
plan 4 an inch from the V.P. 


leith /our /aeet, and eaeh fate it 4M equUaterai 



SECTION II. 

ANGULAR PROJECTION. 
INCLINATION TO ONE PLANE. 

\78 hare hitherto explained how eolids are projected which hare 
had their bases parallel to one of the planes of projection^ whilst 
either their faces or their axes haye been parallel to the other plane. 
We will now consider how a solid can be projected, whose base or 
axis may be inclined at an angle to one of the planes of projection. 

Bat since solids ore bounded by surfaces and surfaces by lines, 
let us commence with the projection of inclined lines, and the two 
illnstrations which follow will give the pupil a ready conception nf 
the manner in which lines and surfaces may be placed at an angle 
to one of the planes. 

rig. 2. 

J> _ Q 




Fig 1 yiuss ihepupil a notion of turfaoeo inolined at an angle to 
the V.P. 

If A B 0 B is the elevation of a snrfacc parallel to the V.P. 
and nt right angles to the H.P., then 

A ^ D may represent the same sar£ice inclined at a small angle 
to the Y.P., and A h tf T> the same surface inclined at a greater 
angle to the VJP., but both surfaces ore at right angles to the H.P. 

Fig. 2 gitt* the pupil a notion of turfaees inolined at an angle 
to the H.P. 

If A B 0 D is the plan of a surface parallel to the H.P. and at 
right angles to the Y.P., then 
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A y D may represent a surface inclined at a small angle to the 
H.?, and A Zr* o' D the same surface inclined at n greater angle to 
the H.P. but both surfaces are at right angles to the Y.P. 

With this general notion of lines and surfaces inclined to the plane* 
of projection, let ua now proceed to the projection of iocline>i 
tignies. 

PROBLEM XXL 


Ibprrject a lino inclined at an angle to the H.P. (say of Gfl* or 
30*) hut parallel to the V.P. 

Fig. A. 

From Frob. 7 tto learn that tbe line X y fa the cle- 
Tatlon ot a plcco of wire at right aoglei> to 
the 1I.P., and point T U tho plon of 
fuch a lino. Let us now suppose Uio 
piece of wire to revoWe on the pivot Y, 
that le on y the point of Ite prujcction on 
the lino of Intersection, so os to be Inclined 
at an onglo of CO® to tho H.P. OS rcprc- ^ 

tented on tho elerntlon by y s', anil also _ 

at an angle of ao®, as rcprcscnlcd by y x*. y' y "y ** 

bat still keeping Its parallel position to tbe VP. Then an oyetookliiRfmm 
above on the line y s*. which Is luellned at an anploof 60® to the ILl’,. wniiM 
•ee that lit planlt tho IlooT /1 parallel to tbe lino of intersection, nndnn l y 
looking down on yx'which Is at an angle of 30® to the n.l*., woalcisee th>M 
Its plan Is (bo longer line Ty', and if the wire be etlll rotated itntll It full* 
parallel with tho IIP. aslndlcatedbyy x", Its plan Is the Hue y y" the (uii 
length of the wire. From this lUostratton wo may make two dcduetlono. 

Fig. B. 



\$L The plan of a line inclined at 
an angle to the H.?. is a line 
parallel to 0 P., and ite length 
varies roxth the size tie angle 
at rohioh it is inetlned—the 
greater the angle of inelination 
the shorter roill he the plan, 

Snd. The elevation of a line inclined at an angle to the H.P. 
and parallel to the V.P, m a line at the given angle and 
tf the given length. 

Fig. B represents the elevation nod plan of a line inclined at an 
angle of 40** to tho H.P. 
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PROBLEM TTTT. 


To preheat a line inclined at an angle to the V.P. {say o/60* 
or 30°)} but parallel to the H.P. 

Fivia Problem lU wo Icara that a line folUns into 
tho position of X Y is tho plan ol a line 
(lUnstrated by a piece ol wire) at right 
angles to tho V.P., and parallel to tho H.P. 
and that X Is the elCTOtion of sneh a line. 

Let ns now suppose that tho wlro revolves 
on X by means of a hinge to angles of 
60^ and SO” respectively; then an eye look* 
ing down on It In ench positions would sec 
that X y' is tho plan of a line at an angle 
of CO^ to tho V.P., and x y* Is the plan of 
t lino at an angle of SO** to the V.P. Also 
an eye looking at this lino In front 
wonld sec that tho straight lino Xx' is the elevation of a Uno Inclined at 10* 
to tbe V.P., but parallel to tho ILP., whilst Xx' Is the elevation of the 

line trben loellocd at an angle of 30*; and if wo rotate the lino so oa to ha 
parallel to tho V.P., then X x*', the full length of tbe wire, U its elovatlea. 
From this illustration wc may also moke two dednctlons. 

Ut Thai the plan Of a line inclined at an angle to the V.P. but 
parallel nith the horizontal plane, is a line at an angle of 
corresponding size and of the same length. 



2nd. That the elevation of such a line is a straight 
parallel ^ O P, nhioh varies in length roith the size of the 
angle, and that the greater the angle the less foill bo ths 
length of the line of elevation. 


Fig. B represents the projections of a 
line inclined to the V.P., at an 
angle of 36^. 

a" b is its plan. 

A B it elevation. 


Fig. B. 

A——— 
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PROBLEM XXm. 

A B it the el&oatxon of a line ^fcet long, nhioh it parallel to the 
H.P.. ut inclined to the V.P. Project its plan and determine 
the angle at which it it inclined^ {Scale to the foot.') 

The pupil bus just IcoTst tbnt tho ptau of a Una 
parallel to tho H.P. bat Inclined to the 
V.P. is a lino equal to its entire length 
and Inclines nt tho glTcn angle. There* q 
fore from K and B drop projectors A a' 
and B & to O.P. 

Since the deration A B represents 3 feet, It 
represents on this acalo a line which on 
tho plan will bo J' long. Therefore from 
6, with radius mark oS oii A of produced tho point a*K Then of* ( 
Is tho pluu of tho line, and the angle o' b a*' Is tho angle of indlnatlon 
to tho V.P., which tho pupU will And by means of bis protmetor Is an angle 
of Si*. 



KOTE.~It may be as well to remind tho pupil at this stage— 

1st. That tho elevation of an object, ua A B In this tlgnre, may be sitnoted any 
distance above Q.P, the lino of intersection; and that tho position It occupies simply 
represents the height of the object above the horizontal plane. 

3n<L That the plan of an object, as the Uno a" 6 In this figure may be situated 
taydlstanco from tho line of Intersection O.P.. and ihot Ihe position It occupies 
simply represeuU the distance between the object and tho vcnlcai phme. 


PROBLEM XXIV. 

A Bit the plan of a line 3 ft, long, which it parallel to the V.P. 
but inclined to the H.P. Project its elevation and determine 
the tize of the angle of inclination,—{Scale to the foot.) 

Draw the projector A o and the point a may he 
taken as the end of tho line A B on the line 
of Intersection. Take a radius } of an Inch, 
which on the scale given represents S feet, 
and from a with this radius mark of! the 

point 6 on tho projector B V produced. ■ 

Join a b, thou a b Is the elevation of the I I 

lino, and tho angle & Ob' Is tho angle of 

Inclination to tho ILP.i which tho pupil will And by his protractor Is as 
angle of 40^. 
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PBOBLEM XXV. /■ tt" j' J 
Toprojent any square surface, aay a 1'^““’ 
ilmr,nhm opened at angles of 30° and 
60° to the nail, (that is to the V.P.l 

It Is Clear that A B C D is tho elcTatton ot a j 

square plane, say n door, parallel to tho i 

T.P. and at right angles to tho ILP. 73 < 7 ' c Ic •*« 

and also that a x* is the plan of such a ^ j ‘ • 

piano. Ctju“" 5 . 2 * 

Let ns now suppose tho whole door to ro- • 1 

volvo to an angle of 50® to the V.!’., \ / 

that Is, Into tho position indlcatcil by \ I 

the lino ox'> Then It is clear that ax' \ | 

is tho plan of the door in this position. \| 

Tromx' dmw n projector x' and erect the 

pcrpendlcalnraC'D'. Then the clCTOtlon 2.^— 

Of thedoor, inclined atanaoglcof 80®iotheV.P. Is represented by A B O' J** 
11 wo still rotate the door until It Is inclined ot an angle of G0« 10 the V.P. ana 
yet maintains Its parallel position to tho Il.P., it Is quite erldent thatlu 
plan wiUbc thcllacox, and Its elerstlon the rectangle ABC'S'* 

Noth.— And II we still rotate the door until It is nt right angles to both pUow 
t( projcctloni then both plan and clcyatlon will ho straight Lines, Tiz. a X the pis» 
and A B tho elovatlon. 


PROBLEM XXVL 


Taprfjeot a square trap door in the 
flifr, w?ien opened on ite hinges at angles 
of 30* and 60®, or any othernumher of 
degrees, to thefioor, {that is to the H.P.) 

In Prob. y. wo SCO that a sqoaro falling into 
tho position of A B 0 B Is tho plan 
and A x' tho elevation of aplanealright 
angles to tho Y.P. and parallel to tlio 
U.r. Let ns DOW suppose that this 
plane (a trap door) rovolvcs on AB until 
it reaches angles of 30® and CO® to the 
H.P ; the edges A D and B C BtlU main* 
talnlng their p.imllcl position to the y.P. 
Then It Isqulte cleorthat a x' represents 
tho deration of the plane at on angle of 
30® to the H.P., and a x tho deration of 
the plane at an angle of CO® to tho 11.1*. 



And looking down on the door, it Is also erldent that A B C* 1/ Is the pis. 
of tho door when opened at an angle of SO® to the n.P., and A B O' D' Is tb* 
plan of the door when opened at an angle of 60®. 
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PROBLEM XKVn. 

To project an equilateral triangle, itt turfaee hcing inclined 
a< an angle of 60® to tho V.P., with iU base parallel to the H.P. 

Tho Plan-Draw tho Crlnogle 
A B C In tliln lines to re¬ 
present Its elevation, pa¬ 
rallel to ibo V.l\ ; be being 
its plan lu that position. 

Now ibo projection of tbe 
triangle ot on anglo of 60" 

Isfclmpljtbc projection <>( 
ibe lines tvblcli bound It, 
and WO have before seen In 
I’rob, 32, t/iul t/ie j>lano/ a 
lire inclined at an anffle fo 
the V.P., but j-arallel to the 
\l.t.iealineo/equal UugtJt, 
and at an angle qf eorret- 
pondifiiT else. 

ilCDCc from b dmw o lino 6 e 
of liideanlte length at nn 
angle ot 60®, und from b na 
centre describe an arc c o'. 

Then 6 o' Is tbc plan of tbo 
ba^e ItC, and therefore of the tvliole triangle, Inclined at &0®totheT.P. 
aUo dci^crlbc tbc arc a a* from the centre 6 to gut tbo ]>o>ltlon of a on tbo 
plan In its angular p(i>ltlou. Then u' Is tbc plan of the npex A In its angular 
IW'Ulon. 'rbu pupil must remember that although tbo triangle Is Inclined to 
tbc V.l*. Its base B C Is still pamllcl to tbo II.I’., and thus tho height of its 
vertical projection Is not altered. Therefore draw A Ilnu Anot Indefinite length 
parallel to 0 P, andthccles*uiion of A when at on angle of 50® Is determined by 
ibc projector a' A'. Tbc point e' which Is the elevation of point Cat an angle 
of 50® to the V.P. Is also determined by the projector o' C'. Join points A* B 
anil A'C', then tho elevation of tho whole triangle at nn angle of 60® to tbe 
V.P. la roprcscntwl by A' B O'. 

Note.^It Is not necessary that tbo elevation of the base ot tho triangle, that is 
D C should bo on the Hue of Intersection; In this position It merely Tcprc.*cnts the 
ba.<e as resting on the horizontal plane. It might bu any dJaiouce above 0 P, so long 
os It beeps Its parallel position to that Uno. 
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PROBLEM SXVin. 

IbprnJesiaiegvlaT hexagon at an angle of 36* to the V.P. 
ite axis being parallel to the H.P, 

TliO Plan—Draw tho 
bcxnRon ABCDEF in 
thin Moes to reprcscot 
tho projection pnmllcl 
to the Y.P.i and hay* 
log Its oxIsADparollel 
to tho U.P. Then ad 
Is the plan of the axis; 
h Is Uio plan of both 
B and F, and c U the 
plan of both O and E. 

From a draw a s, at an 
angleof33°toa(f, and 
from a as centre dcs* 
crlbo the arcs d d', e 
bV. Then a df fsthe 
plan of tho axis A 1) nt 
an angle of S5*; 1/ Is 
tho plan of B and F ac 
nnglo of 35^. nod b' cF 
Is the plan of both F R 
and B 0 nt an angle of 35*. 

The Elevation— A is still the eleratlon of the angle A, tho angular posUInn of 
the hcxngon, bnt tho position of the other points U and F, and C mul B In the 
elevation at an angle of 35* aro determined by projectors drawn from the 
points^' and o', whichnre the plans of those points ut that angle. 

l5t. Draw the projector d' D'. Then A D‘ Is tho elevation of tho axis A D at an 
angle of 35* to the V.P. 

2nd, Draw tho projector b' F^, and produce U to meet B C produced In B*. Then 
B' and F^ arc the elcratloos of B and F at an angle of 85* to Uio'V.P. 

Srd. Draw the projector o'£'and produce It to O'. Then £' and C' urc the 
positions of £ and C at nn angle of 35* to tho V.P, 

Join A B', AF'.B' ly and O' cy, and the whole figure AB' B' E' P i» 
the elevation of the given hexagon at an angle of 30*. 

QUESTIONS FOR THE PUPIL TO ANSWER. 

0} 'What lino In the above figure represents the plan of A B and A F, inclined 
at an nnglo of 35* to the V.P. 

(2) What line In tho above figure represents the plan of C D and D E, Inclined 

at an angle Of 85* to the V.P. 

(3) ^I'hot two lines In the above figure represent tho elevations of the line a b' 
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PROBLEM XXIX. 

To project a reotangular prism mhen it retU on one of iU iolid 
angletf to that its aaii inclines at an angle of 40” to the H.F.y 
hut is parallel to the V.P. T?u nidth of its side is ^ incA, and iU 
height ineh. 

Koto— It Is conTentent lint of oU to project the pl&n und elevation of the prism 
wben Its axis Is parallel to the V.P. and at right angles to tb« lI.P.y as is doss la 
rig, 1. (See also rroblem 1 X.> 

FJg. 1* fig. 3. 





riu. 

Tbo Elovatlon,—It ts qnlie evident that with the exception of the IncIiDatIoi> 
•f the prism Its vertical projcvtlon Is precisely the same os Id Fig. 1, for it covert 
exactly tbo same vertical space. Tliercforo in Fig. 3, which shows the elevation 
the solid Inclined at on angle of 40” to tbo H.r., tbo papll has simply to draw a lino 
€ s', eqaal to e o' In Fig. 1, at no angle of 50” to O P,* which gives tho Incllnatlou 
•I tho axis to tbo ll.p., bccaufo In a square prism the edges are parallct to the oxlf. 
The remaining lines In the clcvatton of Fig. 1 have now to bo copied, for tho new 
eloratlon os shown In Fig. 3, and the elevation of the prism with Its axis Inclined 
at on angle of 40” to tho II.P. la complete. 

Tho Plan.'-2fow although tho elevation retains Its original shape as in Fig. I. 
and merely differs In position, still tho plan of tbo prism tilted on tbo solid angle C, 
becomes very much altered. For whilst In Fig. 1, the plan of tho prism is simply s 

* If the base a' s' moke £0” with 0 P, then the axis y b inclines at 40” to O P.. 
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■quire; in FI?. 2 it is so placed that not only tbe top Hnrfaco is seen, but also two o< 
tbc adjacent faces which were bidden In Fig. 1; ucvorthclcss, its axis is still 
parallel to the and tbereforo on eye looking down on tbc solid would Bce that 
ilic width of tbe dlaeoQol oi tbe base D B remains the same, and con therefore be 
duterminctl in Fig. 2, by lines dra\m parallel to O P from B and D, Fig. 1. Tbe - 
other dlagoonl of the plan, viz.: A 0, bos become shortened, because It is now 
IncUaed to the H.P. instead of being parallcd to It. Tbe plan oftheuppersur- 
i.'icc d 6 cin Fig. 2 is found by drawing projcctora from those points to meet tbc piiroUeli 
drawn from A,fi, C, and D, Fig. 1, in the points as shown in tbe Illustration. 

The plan of the lower edges which tbo pupil must remember nro still parallel to the 
apperoncs. Is also found by menus oi projectors drawn from A'.b‘,c' Fig. 2, to inter¬ 
sect thcparaUcls dra^Tufrom A, B, C, ondB, Fig. 1. in A.B,CandD,Flg.2, assbONTn 
III the illuatmilon. Tbc tower edges D C and B C which arc hidden nrc indicated 
by dotted Hues. Wo huvo now found the plans of the upper und lower faces, aod 
by joiulng the corrciipontling angles in these plans the pupil will find that the plant 
ol tbe long edges nrc represented by the equal straight lines Dd',Aa', BMiond Ce*. 
and the plan ol tbe whole prism inclined at an angle of 40^ to the II.P. is completed. 

ANALYSIS. 

isc. In Fig. 2, the loitnQt la the plan of the upper surface of the prism, 

which was represented in Fig. 1, by the square A B C B. 

Sad. Id Fig. 2. the rltamboiii A a' b* B Is the plan of tbo sarfuco of which tbe lint 
ABU tbe plan in Fig. 1 

8rd. In Fig. 2. the rho>ntoi<i a a* d* D, Is the plan of the sorfaco of wtilcb tbe fta< 
A D is tbc plaa hi Fig 1. 


PROBLEM XXX. 

Ti> jyrpjeat a hesagonal prism, restiny on one of its solid angles; 
its axit being inclined to the H.P, at an imgrle Ot 65% but pa* 
rallel to the V.P. Its height is lO' and the nridth of each of its faces 
4% (St^ale i' to the foot.) 

Fia. l. 

Fig. 1 shows tbc plau and elevotion of the prism when Us axia Is pamllel to Ihs 
V.l'.. oixl at right angles to tbc H.P. 

Note.—Tbc base B C U long, wblcb represents on tbe required scale 4'. 

The axis s X is H* „ ., „ „ „ „ lO*. 

FIG. 2. 

Fig. 2 shows tbo plan and elovatiOD of tbe prism when rovolvcd on its solid angts 
A. until ita lower face inclines at on angle of 25°, which makes its axis Inclins 
at The pupil will notice that in this position he sees tbe upper end and two ol 
the faces of tbc prism when looking directly on it from above. 

The Elevation.—The clcTatlon is merely a copy of tbc clcvatK^d in Fig. 1. 

The Plan.—The various points In the plan are determined by projectors dropped 
from the corresponding points in the elevation Fig. 3, to meet parallels to 0 F, drawn 



ANGULAR PROJEOTIONS. 


129 


Fl8.1* rif. s. 



drair tlic plan o( the lower end of ibe bcxasonal prism represented In tbo drawing by 
•' 6* c* d' t* /*. lie should next draw tbo plan of tbo upper end of tho bexagOZlAl 
prism represented In tbo drawing by A B C D £ F. Tbcn tbe pious of tbo faces of 
tbe prism nre dr&tm by tlmply Joining tbo contiguous angles, wbjch the following 
Analysis explains. 

Analysis.—C e* is a plan of the edgoee'. and E e'ls a plan of tbe edge opposlU 
Co*, which was bidden in Fig. ], its plan being represented in that Figaro by tbi 
point E. 

A a' Is a plan of tbo bidden edge an'; U 6* Is n plan of tbe edge b 6't and 
is a plan of tbe edge opposite b b', which is hidden in the plan el Fig. 1, its plan 
being represented in that Figure by tbo point F. 

Tlie hexagon A B C D £ F is the plan of the upper end of tbe bezagon, of which 
IB C D £ F Is tbe plan in Fig. 1. 

Tbo rhomboid £ I> d' e* is a plan of tbe face which Is bidden In Fig. 1, being 
epresunted in that figure by tbo lino £ 1>. 

Tbe rhomboid C D d' c* Is a plan of a face which was also hidden In Fig. 1, being 
represented in that figuro by the line C D. 

The pupil may extend the analysis of tbe other lines and laces la tbe lame mann e r 
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PROBLEM XXXI. 

Ibprcjfiot ahekagonal pyramid^ thediametcr of the hate being 
6 ft, and the height 10 ft ,; its aans being inclined at an angle ej 
60^ to the H.P. but parallel to the V.P. (^Scale 8 ft. to 1'.) 

Noto.—lit. Tho height 10 ft. on thli ■cole wUl bo represented by an axis Unt 
•t ll Inclk 

3Bd. Tho diameter of tho bue 6 ft. \rlU be represented by a line of 1 Inch. 


ns. L Fig. s. 



Flf. 1 shorrs the two projections of this pyramid when Its axis la lioralielto the 
V.P. and at right angles to the I1.P. fSec Problem XIV.) 


Fio. 2. 

Ttae EleyfttiOXi.—As in tho case of tho prism, tho deration of tho pyramid 
Inclined to the n.P. dUTers from the prism ns shown In Fig. 1. In position only. 
Its shipe and size oro exactly the same as drawn In Fig. 1. Thcreforo place a d 
the eleratlon of tho diameter In Fig. 1 at on angle of 40°, Fig. 2, wbleb roahes the 
Inclination of the axis at 00°. Bisect a tf In s, and erect tho axis s x perpendicular 
to It. Tho derotlon may now be completed by copying that in Fig. 1. 

Tho Flan-—The projection of tho vorloas points for the plan of tho prism arc 
obtained by dropping pcrpcndionlors from the rnrloas points in the deration of 
rig. 2, to Intersect tho parallels to OP, drawn from tho corresponding points tn 
ths plan of Fig. 1. Hence the Tcrtlcal projectors Irom a, r, d and x falling on the 
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parallel A D prodneed, dctcnnlne the position of these points on the plan. The 
projector from & which meets F £ and B C (FIs-1.) produced, determines the position 
of the amrles F and B on tho plan, Ffg. 3. And so the projector Irom C which meets 
F E and B 0 (Fl^. l.) prodneed. determines the positions of angles E and U In tbs 
plan, Fig. 2. 

Join s', the plan of the apex of the pyramid, with A, B, C, B, E, F, tho coutiguoa* 
angnlor points In the bSEC. and tho plan of the whole pyramid Is complete. Tbi 
edges of tho baso E I) and D C are In dotted lines, becansc they are concc.aled by the 
body of the pyramid. 

Tho pnptt wilt notleo that the axis S af and the diameter A D are In the same 
line, which Is parallel to the V.P. 

Analysis.—1st- Foot faces ore seen In the plan, x' E F Is tho plan of the face 
of which F K Is the plan In Fig. 1. x' F A Is the plan of the face of which F A tr 
the plan In Fig. 1. x' A H Is tho plan of the fncoof which AB la tho plan In Fig. 1. 
and x^ B C Is the plan of tho face of which B C Is the plan In Fig. 1. 

3nd. Two faces aro concealed In the Inclined plan, x' E D is the plan of the 
hidden face of which E D Is tho plan In Fig. 1. x' C D is the plan of the hiddeo 
face of which 0 D is the plan in Fig. l. 


PROBLEM ’XXXII. 

To project a oone the axis of which, is inclined at an angle oj 46 
to tlu ip., but parallel tc the V.P. The diameter of the baee vf 
the cone is 8 ft, and its vertical height 10 ft, (^Soale to the foot,) 
Fio. 1. 

Fig. 1 shows the projections of the cone when Its axis Is parallel to tho V.P., ami 
at right angles to tho H.P.; the plan being simply a and the eleratlon m 
Isosceles triangle. (Sco Problem XV’ni.) 

XOTB.—a & Is I* (8 eighths) long, which on tho required scale represent.s S', 
s'xUli'(10 eighths) high „ „ n u 10 

FIG. 2. 

Tho Elevation.—Draw n 6 the clorntlon of the diameter of the cone nt an angle 
of bccauso when the axis is inclined at 46” the diameter of tho base Is also la- 
cUDCdat46”. Transfer the eloration a X 6 Fig. 1, to axb Pig. 3. Kow draw a 
diameter A B on Fig. 1, parallel to 0 P, and another X Y at right angles to It. The 
length of the diameter A B on the plan Fig. 3 Is determined by projectors dropped 
from a and h to meet tho diameter A B Fig. l produced. The width of the diameter 
X Y on the plan Fig. 3, Is thosamoos the width of thedlamccerX Y on the plan Fig. 
1, and Is determined by parallels to 0 P, drawn from X and Y Fig. 1, to meet a pro* 
jeetor dropped from s', Fig. 3. Tho pnpll will now obserro that the plan of the 
circle, Fig. 1, at on aoglo of 45” os In Fig. 3, Is an ellipse, of which X T and A B ore 
the transverse and conjugate diameters. He will at once ash himself bow the polou 
through which the curve of the ellipse posses ore to bo projected. The plan of tho 
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circle Fig. 1, bas neither point nor angle for projection, and tbctelore the dtso hai 
to be prepared for such. On the plan Fig. 1, mark oil any points ce*, dd*,e€*,ff, 
on either side of AB, and equidistant from it. Join c" c, d'd, tf t,f f, and prodnea 
the lines os projectors to o 6, marking on It the points <f d* tf f. Transfer these 
points to a 6, the deration of the diameter on Fig. if, and from these transferred 
points let fall projcctora to intersect the paruUela to O P drawn from the correspond¬ 
ing points In the plan of Fig. 1. The corre of the cUipso possca through tho points 
of intencctlon and the pupil must now trace it hy band. 

The plan of the apex x Is dctcnnlncd by the projector x t, dropped on the 
parallel A B prodnccd. Draw tangents from x to the curve of the ellipse to 
represent the plans of the sloping edges of the cunc, and the plan of tho whulucone Is 
complete. 

Note.—The lines drawn from x to the ellipse will not meet the curvu in the ellipse 
in X and Y. 

QUESTION. 

The vertical height of a cone which inclines at 30« to the ll.P. Is 12 ft. and Its ba.ee 
S ft. It stands 4 feet above the H.P. and 10 feet in front of the V.P. Draw first Ira 
elevation and Uten project its plan, the axis being poruUcl to the Y*i'* bculu 10' to 
‘<hc IndL 


















SECTIOlf III 


INCLINATION TO BOTH PLANES. 


Lines incllued to one plane like those we have already described 
in Sect. U, ore said to be inclined at a simple angle.” Bat the 
pupil will have no difficulty in understanding that a line may be 
inclined to hoik planet at the same time. Perhaps the best illus- 
tration that can be given to show a lino In this position, may be 
found in the lines that form the elevation and plan of a cone. 


a. 



A cone may be said to be made up of a series of lines drawn from 
its apex to its circular face, and if so, by referring to. Prob. 8, we see 
that ** 1 a” in the adjoining illustration, is the elevation of the line 
which bounds the most distant view of the left side of the cone, and 
that «” is thcy>?aa of that line. 

Now 1 a is inclined at on angle of 60* to the H.P., but at the same 
time it is parallel with the V.P.; in fact, it is in the same plane as 
the axis ” 1 Suppose, however, that we revolve the cone on its 
axis, and if wo do so eveiy point on its circular base must revolve 
with it. Let ns revolve the cone on its axis 3 (}«, then the line 1 n 
revolves with it, and the plan a assumes the position iudicated by 
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a\ The Hue 1 a has now moved from its position, which wjis 
parallel to the V.P., to a new position in which it is incUned to the 
V.P., and the pnpil must not forget that it is still inclined os it was 
before at an angle of 60** to the H.P. Hence it has a double inclin¬ 
ation, and so it is said to be inclined at a cotnjfpnrtd angle. Let us 
now examine the cHect on I a in its new position. In the first place 
1 a' is the plan of 1 a inclined to the V.P. os well ns 60* to the H.P, 
Tliercfore the point 2 determined bj a projector drawn from a' is 
the altered position of a in its new elevation, and the line 1 2 
represents the elevation of 1 a at the compound angle. 

I want the pupil now to notice two things in rending this— 

1st. The Hne I 2 inclined to both planes overhangs exactly the sanic 
space in the plan as 1 which is only inclined to the H. P.; 
therefore 

The plan of a line inclined at an angle to both planes 
is just of the same length as the plan of aline inclined 
only to the H.P, 

2nd. That the apex 1, the end of the line I a, has not changed its 
position in moving at the compound angle, although its other cud 
bos; therefore 

The height of a line when inclined to both planes is the 
same as the height of a line inclined only to the H.P. 
But the elevation of a line inclined to both planes is 
shorter than an elevation of the same line inclined 
only to the H.P. 

8rd. That what is tme of a Hne, is also true of a surface or a solid, 
which is only bounded by lines ; therefore in projecting lines, 
surfhees, and solids, inclined to both planes, the pupil must 
remember that 
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(a) They covei' the same space in the plan as when inolinsd to the 
H.P. only. 

(hj They have the same vertical heiyht in the elevation as nhen in- 
dined to the H.P. only, 

(fl) They are /ore-shortened in elevation, that is, they occupy leu 
space in hreadth than mhen inclined to the H.P. only. 

Therefore any object may he projected nhen inclined to both planei, 
b; finding out the plan and olcvation of that object^ when inclined 
to the H.P. only, and then transferring that plan exactly as it ia 
to the angle at which it inclines to the Y.P. The position of the 
Tarious points in the elevation may be determined by drawing 
projectors from the corresponding points in the plan so obtained 
to intersect parallel projectors drawn from corresponding points 
in tbo elevation of the figure inclined only to the H.P., as illns* 
trated in the Problems which follow. 


PROBLEM XXXTII, 

To pr(jcot a line 1* long, inclined at an angle of 60* to the H.P. 
and 60" to the T.P. 

Draw ft Uoe of intersectloa OP. On O P tak4 
ftojr point B and draw aline B A, P long at on 
angle of CO* to 0 V. Then thli line If the eleva* 
tlon of a Hoc 1 loch Ioag> incliocd at CO* to th« 
H.P. From A let fall a 
projector AC. ThcnBC. 

U the length of the plan 
of the line Inclined at an 
angle of GO* to the H .P 
Proceed In the next place 
to find the length of the 
cleratton of the line when 
locUned at 00* to T.P. R 
The eonstroctloD for thli ft flmllar to that for flindlog the length of the plan. 
ABU mode equal to the re<(l length of the line 1 inch, and the angle A B E f 0* 
the IncllnitlOD of the lino to V P., then B P. gtrea the length of the eleTfttlen. 
Transfer this length B E to the position shown hj A In the figure so that A 4* 
■> B h. From (f drop a projector inecting the plan of the cone In tbo point D. Join 
O D. Tliao tho lino A rf* U the eleratlen of the Uno long InoUned at on angle of 
M* to the n.P, and 60* to the Y.P., and Q D U iU plan. 















PBOBLBU XXXrV. 

To vrineot a reotangnlar prism rtslin} on one of itt tolid angle! lo that it! axit U inahned to the 
R.P., at an angle of W, and to the V.P. at an angle of 60». 'Ihe width of Ut tide U 4 inoh, and it! 

~ The pupil mil find no difficulty in projecting the prism inclined at these angles H he thorough^ 
understnnda the principles we have just explained. TVo mil now refer to Problem XXIX., and quote the 
figures there used to project the same prism when inclined at an angle of 40* to the H.P. Now so long as 
the inclination of the prism to the H .P. is unchanged, no chnngo whatever will take place in the shape of 
its plan, however much it may be inclined to the V.P., because it will cover exactly the same space. This 
the pupil might prove for himself by looking down on a prisminclined at various angles to the V.P. Again, m 

the heights of the vnrions points in the elevation will also be the same. Hence all the pupU has to do ra to -a 

fransfer the plan of Fig. 2, to the plan Fig. 3, keeping the same dimensions esactly, and merely placing 
it on the plan of the axis. The plan of the axis is found upon the same principle ns the plan of the lino 
in Problem XXXIII. Ho should then draw projectors from each of the points in the plan of Fig. 3 to 
meet parallel projectors drawn from each of thocorrespondingpoints in the elevation of Fig. 2, to determine 
the now position of the corresponding points in the elevation of the prism in Fig. 3. Join these points 
of intersociion as shown in the illuslration, and the elevation of the prism in its doubly-inolined position 
is completes 

QUESTION. 

a trlangnlar prism li torn tlsn, ssU Imvlng l«cc } luck Is width, wInn It rcils on on. ol It. lollU .ngl.i with Its 
azi» incllnid 30* to the T.P. w>d 48* to th« ll.P. 








PROBLEM XXXT. 


3b project a hexagonal prism resting on one of its solid angles; \is < xis being inclined at on 
angle of 66“ to the H.P. and at an angle of 20“ to the V.P. Its heig t is Kf attd the muith 
of each of its faces 4' (Scale Y to the fcot.) 

This is simply a repetition of the mctlioda explained lathe last problem. We will quote the illus¬ 
tration of the same prism used in Problem 30, where its axis is inclined to the ll.l*. at an angle of 06" 
and from the projections found in that illustration Fig. 2, tlie pupil can easily draw the plan and ele¬ 
vation of the prism in its required position, that is to rest also at an angle of 20“ to the V.P. Place 
the plan Fig 2, with its axis, at an angle of 20“ lo position of plan found by Problem 33, and from 
the various points of the plan in Fig. 3 draw projeetors to intersect the horizontal projectors drawn 
from the corresponding points in the elevation of Fig. 2. Join the contiguous points, and the eleva¬ 
tion of the prism inclined at 66“ to the H.P., and 20° to the V.P. is complete. 

QUESTIONS. 

1 Project ft cone, the vertlcol hdKtil of which I* I { fncli. ana ilinnictcr of biiKO } Inch, when Its nils Inclines at 85® to tb« 

V.P. and to the U.l*. 

2 Project a pentagonal prism, the hclBhl of which Is 2 Inches, mid the whlth of Us fuecs I inch, when Its axis Inclines 

at to the IIP. and 30® to the V.f. 

t Project a flanare pyramid, the axis of which la 3 Inches, mid the width of Its focci 1 loch i the axis being liieilced at 
40* to the H.P. ftnd 80® to the V.P. 



SECTION IV. 


ON THE SECTIONS OF SOLIDS. 


Hitherto have explained how objects are projected as seen 
diiectlj in front or above, and therefore we have merely described 
the appearance of the outside surfaces of solids. But in order to 
comprehend the nature and construction of a solid, we require a 
representation of those parts which cannot be given by cither plan 
•r elevation, and is only obtained by means of a view of its interior. 
This is done by what we call a tcotional dramingj'^ that is, a 
drawing of what is seen when a plane cuts the solid, so as to expose 
the internal portion of the solid it is desired to show. The following 
Problems will illustrate how sectional drawings of objects arc made. 

PROBLEM XXXVL 

Ih draw the section of a oone when out by a pla-’t, i varaUcl U 
it» base. 

Let exd repmeat the elevation of a cone 
aod the circio C I) £ Its plan, and let 
4. B bo the elevation of a scetlon plane 
enttlng the cone parallel to its base 
c d. Draw C D tbo diameter of the 
plan parallel to O P, and from A. and 
B let fall projectors cnttlng C D In 
a and b. Then the line a Ms the dia¬ 
meter of the plan of tho section. On 
It constrnct the circle aeb, which Is 
the plan of tho section of the cone cat 
oil hr the plane a ft. Shade the sec¬ 
tion by parallel lines drawn at angles 
of 46^, which arc alwoys used to Indl- 
cato.scctlonal drawings. 

Kote.->Tho section of a cono cut off hj oa 
obtlqno plane is an ellipse, the projeo- 
tloQ of which belongs to amoreod* 

Tonced stage of Solid Geometry. 
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PROBLEM XXXVIL 


7i> lAow ttu! seotion of a ojlinder lying m the ground with iu 
endt parallel to the V.P.i and at right anglet to the H.P. ; the plane 
9/ leotioji being parallel to the axil of the cylinder. 


r 

l^l'A U C reproecQt tbe elevation of a cylinder 
eo placed, and D £ F O Ita plan. Z<ct A B 
reprcBCot ibc elevation ol tbe section plane 
cutting tlic cylinder parallel to ita axil, 
dlnce tbe scctlun plane la parallel to tbe axle, 
11 is uuHc evident that the plan of the sec¬ 
tion will bo a rectangle. Betenniuo tbe 
position ol this rectangle on tbe plan by 
letting pcrpcudlculars fall from A and D 
cutting tbe ends of the plan in a and e, 
and tf and d ; tbco, a c d 6 Is tbe plan 
ol tbo required section. Shade It as In 
the ta»l 1‘robleu. 



PROBLEM XXSVIIL . 


r< thoK the Section of a hollow pipe. 


Let a c 6 be the elevation of the end of a pipe of wbtcb 
A U C b Is the plan, and let the lino a 6 be (be 
elcvaiioa of the section plane. Now if tbe half of 
the pipe above a 6 were removed, tbo plan of the 
section would appear os shown In tbe Illustration. 
The thickness of the mcinl Is Indicated la tbo plan 
by diagonal shading Hues. 
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PROBLEM EXTTT. 

To thorn the plan of the section of a pyramid, the sectional 
lane cutting it oHiguelg. 

Let A.' f O' bo Uie elevation of 
» pjTamld of wiilch A B C D 
Is the ptac, and let the line 
a 6 e be the elevation of ilie 
pbne which cots the prism in 
an obllciac direction. Then to 
get an oblique plan of the fcc« 
tion of thcprl8ni,wc(lrawpi'o« 
jeetors fromc.neh of the points 
a, h, e, d, falling on the plans 
o! the corrc5|>onding Ftdes. 

For example: tbo projector Q 
from a falls on A S. the plan 
Of the side A' i in point a'. 

The projector from 6 falls on 
B S, the plan of the side B* t 
In the po)>:t&'. And so on 
the projector from e fallit on 
SC in o', and the projector 

from d falls on S D in point 
tf. Join o', b^, <f, d', and 
shade the tnipeziuma* V & it* 
nlilch Is on oblique plan >>f 
the section of the iiynunld cut 
oti by the plane abed. The p«ipn lioireTer mnet not fancy that ttol • plan 
shows the real size of tho section, which Is seen by un eye loukiiiir on 
ibe section plane a e a In a vertical direction ns Indicnlc-d by the arrow x. 
The trapezium a' 6' c* d* Is what is called an oblique plan of the section 
beennso it Is seen obliquely In the direction indicated by the arrow p. The 
method for finding tho tme size of tho section of a p>'ramid :is cut oft by 
an oblique plauc, and seen vertically in tho direction Indicated by the arrow 
T, is shown in Piobtcin >10. 

QUESTIONS. 

I. t'opy tbe plan and elevation given In Problem XII. and show an oblique section 
C3n.scd by a plane passing thiough the middle point of the axis of the penta* 
goual prism at on angle of 40^ 

X Show an oblique section caused by a plane passing through the middle point el 
the axis of tbe hexagonal prism, Problem XIII, at an angle of GO^. 


5 








APPENDIX. 


Wb have now explained all the elementary principles by mcana of 
which sections of objects arc projected. Young pupils, how¬ 
ever, may find some difficulty in applying these under varying 
conditions ; and, os nothing is better than practice to familiarise 
the student with theort/y we now consider it desirable to introduce 
them to the following fif^-nine exercises on the sections 
of solids. 

Ic is all the more important that the • pupil, in preparing 
for the iiccond Grade Examination in Practical Geometry, should 
thoroughly master these, because it has been found that the 
Government Papers require the knowledge ; and no stndent is 
sure of a pass who is not able to work every one of these 
exercises. 

This Appendix contains solutions of exercises with sufficient 
notes to guide the pupil on~ 

Sections of Cubes. 

Sections of Polygons. 

Sections of Irregular, Square, and other Prisms. 

Sections of Triangular, Square, Pentagonal, and 
Hexagonal Pyramids. 

Sections oi Spheres, Cylinders, and Cones. 




Ex. 2. 





}i Vk ® T » Pl«* euttlae It. Til® plan of th® (actlOB U Ui 

iweutb®pIinoftljecube.Tli..tlieiquart (a (>c<f)- lU real iliftpo U fouud brdrawiae trom 
U* polnu L wid SI tb^i MrpeoilJculue O L aod SI N rejpacllTelj^ Md masloc tliwn equal t® 
tbe ildiof tbecube. Ob jololag02(, w® obulotb®ncta^leL Um o, wbi^u tber^ahap® 
cf the lectioo. ^ ' 

.??■ * eximplo cuu off only « comer of the cube The real ihtpe 

eftlietecUoo u dran-n In the eanieraaiuiera* that l« Ex. 1. The plan of ih® outeutl>thar®& 
aerie [ad m ii). (.NcU.-O Lequali leocth s d). 

Ex. 3. lilx. 4. 




-f cube® cut by vertical plaoea, 1* Q tod & S reapeciively. Tlie elevatloni 

•f ue eectlona need bo exjilanatloD. ITie realahauea are obtained by niaklnc the liner L o md 
thcpolDtjOandN.aaelicMfB It their ®leTalloae. The comlrucu'oai 
weals be exactly the utne were the aoUda square base pruiu. 



























CD 



Xx. 14.->Tbe same construction Is bere gono through to find th« pUu of a squart 
priira giTen Id a tlmllar mooDer to lix. 18. 


Ex. It 










Exi.17 nnd 18.—Scctfona ot Fcotagon Frlsmi. Ex. 17 Is worked nnon the 

priDCliilc as Ex. 6, ud Ex. 18 same as Ex. 10. 


S 



EX. 30.-Another section of a Pentagon Prism. Prism is girea by Its plan andead 
»Uir. (SecEis.lOitll.) 













ODjolnlDctbe elemionior these pomu 1.3.Staa),»fC7ur4iae<l fl^re UobUlnK),WBicbUtti« 
rMUlndi«cUoQ(e]nv%tloaeadml»tiap«)> _ _ 

Ex.23. Ei.24. 

.i . wW 






' u 




laExa. 33 and 3t tlie i>laus luid hdgblioftk* 
pjnmids are tiippotisl «o lie utrun. For cou* 
Tenleoco aake the trrouml line is draws lonslid 
lo the line of trclon and we obiMn licih an 
alevatloB and the tva shape of the iccuoa. 



Tbe Examples on this page represent sectlona 
of square pyrnmfds. 

In Ex. 2G a separate constmetion bos taba 
gone through to llnd tlio real shape of tkt 
section, the olcvatlon being nurrotrer than the 
real shape, the line 1, 3. on the plan , Is mada 
criual to the height of the point 3. d 6 2 Is the 
elcTatloD, and o & 2 tbe real shape. 

Id Ex9. 35 Si 27 the plan of the section has 
to he found flrst.and then the distances (or the 
real abape obtained from this plan. 




Ex. 29, 30, nnd 31, show three different eccllonsot hexagonal pyramids. 
Ex. 20 It worked like Ex. 25. Ex :{0 Uko Ex. 23. and Ex. 31 like Ex. 33. 

Ex. 32 la a aeotion of a Pentagon I'yramtd worked oat io a Similar manacr 


k.29. 


Ex. 32. 


to 


Ex. 31, 













Ex.4l 



Two examples are here 
tiven of hexagon prlsDia 
lying on the horizoatol 
plane. 

The plan and real shape 
of the section of Xo. 41 
by a piano (S is shown. 
Tno widths for the real 
shape arc, as usual, ob* 
tallied from the plan. 



In Ex. 42 only the elo« 
ration of the section U 
drawn to avoid compHca* 
tion of tho figure. The 
pupil will draw the real 
shape upon the samocon* 
structlOD as Ex. 30. 























Ex.45 Ex. 4 4 



£x. 4S.*>A Bp'.iuru cue by an oblique plane A B, wliicii passes thronsh the centre 
e{ the solid. The i)ortion of the lino nitliin the circle is marked oil into a number 
of di\'isions wliich need not be equal. 1*1, 2-5, Ac., drawn at ri^bt angles to 
A B, ^vo the widths of the soetion at the diUcrcnt points a, b, Ac. 

These widths marked on the plans of the lines give a number of points through 
which a enn'o cm bo drawn giving the plan of the scetion. 

In Sx. 40 the plane A B does not pass tlirough the centre, and tlic widths are 
found by drawing a circle on the portion of the line intercepted by thccircuinfercnre 
of the circle. Ool^’ half of the circle is shown In the F'<etch, to simplity the 
dguce. 















Sz. S3.—Stetloaof coat bj plusST. AfliEz. 

GS U« eooi U dlTtded into » number of borlionU! 
wctioBs 1 s 3 i * S. The points where the circles 
oit the Use S T, (Ire poloU In the section which 
when projected to their respectlTo elerstlotts gtre !■ worked In h ilcilUr tnstiser. !%• 




Exs. 55 anc] 6C are Bcetiona m 
cones worked like that in Ex. 62. 


Ex. 67 is simitar to 63. The coae 
here is given by its plan and height, 
and the ground lino is drawn 
parallel to S T os being the noil 
convenient position. 






Zx. 58.—GlTcn A BCD astbo elcvatfon of a cylinder to dra^v lU plan. On A B 
describe a circle and draw a number of lines 1 2 3 A.C., perpendicular to A B. Only 
ball Is drawn Id tbe sketch for the rake of simplicity. Draw tbn plans of tbero llnea 
perpendicular to a line EF parallel to X Y ns an axis. The widths found in the 
eleTationtare then lobe morkedoff on their correepoDdlog lines in the plan similarly 
to those in Ex. 45 and 4C. Acurre drawn through the points thus obtnined gives 
ths plan of the end A B. That of ttic end CD is simUnrly obtained. Lines Joining 
the two ellipses complete the plan of the cjllndcT. 

Ex. 59,—Shows the plan of a cone obtained from Us deration to a simll. r manner 
to the cylinder. 
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